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Abstract 

We extend classical results of Kostant et al. on multiplets of rep- 
resentations of finite dimensional Lie algebras and on the cubic Dirac 
operator to the setting of affine Lie algebras and twisted affine cu- 
bic Dirac operator. We prove in this setting an analogue of Vogan's 
conjecture on infinitesimal characters of Harish-Chandra modules in 
terms of Dirac cohomology. For our calculations we use the machinery 
of Lie conformal and vertex algebras. 
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1 Introduction 

Let g be a finite dimensional reductive Lie algebra over C with a non degener- 
ate symmetric invariant bilinear form ( , ) , and let a be a reductive subalgebra 
of g, such that the restriction of the form ( , ) to a is non-degenerate. For 
future reference, we call (g, a) a reductive pair. Then the adjoint representa- 
tion of a in g induces a homomorphism a — > so(p), where p is the orthogonal 
complement of o in g. Hence, by restriction, we obtain a representation of 
the Lie algebra a in the spinor representation F of so(p). Assume now that 
rank(a) = rank(g). Then dim(p) is even, hence F decomposes in a direct 
sum of two irreducible representations F + and F~ of so(p). The following 
"homogeneous Weyl character formula" was established in [3J, as an identity 
in the character ring of a: 

V(X) ®F + - V(X) ®F-=J2 (-lY M U(w(X + p s ) - p a ), (1.1) 

wew 
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where p ,p o are half the sum of the positive roots of g and a respectively, 
V(A) is an irreducible representation of g with highest weight A, U(fi) is an 
irreducible representation of a with highest weight /i, and W is the set of 
minimal length representatives in the Weyl group of g from each right coset 
of the Weyl group of a. In Remark I57T1 we adjust definitions as to make ( 11. ip 
meaningful even when the representatives are not minimal. 

The collection of a-modules in the right-hand side of (11.11) is called a 
multiplet. It is clear from (11.11) that the Casimir operator of a has equal 
eigenvalues on all modules from this multiplet, and also that the signed sum of 
dimensions of these modules is 0. In the special case of a = sog, important for 
M-theory, these kind of multiplets have been earlier discovered by physicists, 
and formula (11.11) for the embedding so$ C F 4 reproduced their observations. 

In fact we observe (see Proposition 15.91) that any multiplet satisfies a 
stronger property, namely the signed sum of quantum dimensions of modules 
of a multiplet is zero. Recall that the quantum dimension of an a-module 
L(A), where a is a semisimple subalgebra0, equals 

dim,L(A)= H , (1.2) 

n/2 — n/2 

where (A+) v is the set of positive coroots of a and [n] q = ^ 1/2 ~^_ 1/2 (note 
that lim^i dim g L(A) = dimL(A)). 

In a subsequent paper [12], Kostant showed that for a "cubic" Dirac 
operator $ s / a , with a cubic term associated to the fundamental 3-form of g, 
the kernel on V(\)®F decomposes precisely in a direct sum of the a-modules 
of the multiplet: 

Ker v{x) ® F $ s/a = U(w(X + p s ) - pa). (1.3) 

wew 



Both decompositions (jl.ip and (11.31) were extended to the setting of afline 
Lie algebras by Landweber [15]. The affine analogue of the "cubic" Dirac 
operator, used in [15], was introduced much earlier by Kac and Todorov in 
their work [10J on unitary representations of Neveu-Schwarz and Ramond 
superalgebras. 

Another interesting application of the Dirac operator $ s , a was a conjec- 
ture of Vogan expressing the infinitesimal character of an irreducible (g, K)- 
module X of a real reductive group G in terms of an a-type of X appearing 

Hhe definition of quantum dimension for an arbitrary reductive subalgebra a is given 
in (15171) . 



3 



in the cohomology denned by $ a / a (the "Dirac cohomology" ) , where a is 
the complexification of the Lie algebra of K (cf. Theorem V in the Introduc- 
tion). This conjecture has been proved in [5j as a consequence of an algebraic 
statement (cf. Theorem HP below) relative to a "quadratic" Dirac opera- 
tor associated to a symmetric pair (g, a) (i.e., a is the fixed point set of an 
involution of g). Subsequently Kostant [13] observed that using his "cubic" 
Dirac operator yields this algebraic statement for any reductive pair. 

In the present paper we define a general a-twisted "cubic" Dirac operator 
in the affine setting, where a is a semisimple automorphism (not necessarily 
of finite order) of the reductive Lie algebra g, leaving invariant the subalgebra 
o, and extend all the results mentioned above to this setting. As in [10] we 
work with the "superization" g[£] of g, where £ is an odd indeterminate 
with £ 2 = 0, in order to treat the Kac-Moody and Clifford affinizations 
simultaneously. Also, we use the very convenient for calculations machinery 
of Lie conformal and vertex algebras, and their twisted representations. 

In more detail, let 

?" per = g^r 1 ] © C/C © CX 

be the "superization" of the affine Lie algebra g = g[t, t^ 1 ] © CJC, where 
/C, /C are even central elements, and the remaining commutation relations 
are (a, b G g): 

[at m , bt n ] = [a, b}t m+n + m5 m ,_ n (a, b)JC, 
[at m ,b£t n ] = [a,b]£t m+n , 
[a^t m ,b^t n } = 5 m ^ n . 1 (a,b)lC. 

Denote by V k+9,1 the g super -module, induced from the 1-dimensional repre- 
sentation of the subalgebra © CJC © C/C given by 

g[£][t]^0, )C^k + g, K^l. 

We assume here that the Casimir operator Cas of g, acting on g, has a unique 
eigenvalue 2g. (If Cas has several eigenvalues, we take the tensor product of 
the corresponding modules, and below we take the sum of the corresponding 
"cubic" Dirac operators.) The module V k+9,1 has a canonical structure of a 
vertex algebra with vacuum vector |0) = 1, translation operator T, induced 
by — 4, and generating fields 

{a(z) = ^TK)^'- 1 , a{z) = ^K^'- 1 }^. 
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Denote by a and a the corresponding elements under the field-state corre- 
spondence: a = (at~ r )\0), a = (a^t _1 )|0). Let {xi} and {x 1 } be dual bases 
of g, i.e. (xi,x^) = 8ij. The following element of the vertex algebra V k+9 ' 1 is 
the father of all affine a- twisted "cubic" Dirac operators (cf. [ID] . [1]): 

G q ^ ^ . x%x ' . ~\~ ^ ^ ^ . \x% , x . . 

This element satisfies the following key A-bracket relation (cf. [10], pQ): 

[G 0A G ] = L + y(fc + |)dim S , (1.4) 

where 

L s = ^ ■ XiX 1 : +(k + g) : T (^i)^ : + Yl : ^fo,^]^' : • 0- 5 ) 

The basic object of our considerations is the element G g — G a , which 
is the father of all affine relative cx-twisted "cubic" Dirac operators, in the 
following sense. First, notice that the vertex algebra V k+9,1 is isomorphic to 
the vertex algebra V k (g) ®F(g), the isomorphism being induced by the map 
x i— > x — | Y^/i '■ [ x i x i]^ 1 '■, x ^ x (x & g), where V k (g) is the affine vertex 
algebra of level k, isomorphic to the subalgebra of V k)l generated by the 
fields {a(z)} aes , and F(g) is the fermionic vertex algebra, isomorphic to the 
subalgebra of V k ' 1 generated by the fields {a(z)} aeg . Since the vertex algebra 
V k (g) (resp. F(g)) is the affine analogue of the universal enveloping algebra 
U(g) (resp. of the Clifford algebra generated by g = g£), any (twisted) 
representation of the vertex algebra V k+9,1 gives rise to a representation of 
the affine Lie algebra g of the form M<S>F(g), where M is a (twisted) g-module 
of level k and F(g) is the restriction of the (twisted) spinor representation 

of so(g) to g. (Here by twisted g-module we mean a representation of the 
twisted affine Lie algebra). 

Denote by r the automorphism of the Lie superalgebra g[£], defined by be- 
ing o on g and — o on g = g£. This automorphism induces an automorphism 
of the vertex algebra V k+9,1 , also denoted by r, such that r(G g ) = —G s . It 
follows that in any twisted representation M <E> F(g) of V k+9,1 , the odd field 
corresponding to the element G s is of the form 

Y M ® F ®(G a ,z) = Y,G$z- n -l. 

The operator G g °Q (resp. G s q—G^q) is called the a-twisted (resp. relative 
cr-twisted) affine Dirac operator. 
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One shows that the operators G^n, (n G Z) and their brackets define a 
representation of the Ramond superalgebra in M <8> F(q) (an easy way to 
do it is to use the A-bracket relation (11.41) and similar A-bracket relations 
for [L g \G S ] and [L g \L g ]). In particular, one gets the formula for (G^d) 2 = 

|[G^o, G&o\i similar to Kostant's formula in the finite dimensional setup [12] 
(going to the affine setup one should replace Cas in Kostant's formula by 
the Virasoro operator L^). 

Moreover, the relative operators Gj[a,n — G 5 a l — G^n (n G Z) and their 
brackets again define a representation of the Ramond superalgebra in M® 
F(g), which intertwines the representation of a. This construction was used 
in [TU] to describe all unitary discrete series representations of the Ramond 
(and Neveu-Schwarz) superalgebra. Here we use this construction to obtain 
a twisted representation of a, and to derive a formula, similar to ( 11. 3ft in the 
affine setting. This generalizes the main result of [15] from a = 1 to arbitrary 
a. 

The proof of the decomposition (11.11) in |3j works also in the affine setting 
(cf. [TH] for cr = l). As a corollary, we obtain that the signed sum of 
asymptotic dimensions of a-modules from a multiplet equals zero. Of course, 
all the a-modules are infinite dimensional, but one can use a substitute for 
dimension, called asymptotic dimension [8] (cf. ( 15.151) ). which is a positive 
real number that has all the basic properties of dimension. Moreover, if a 
is reductive, the sum runs over an infinite set, but a suitable use of Theta 
functions makes the sum finite. 

Next we introduce a notion of Dirac cohomology H((G g>a )o,M) of a a- 
twisted g-module M. It turns out that it is not difficult to prove a non- 
vanishing result for this cohomology which is an affine analogue of Kostant's 
result [13]. In light of this, it is natural to speculate in our affine setting 
on results in the spirit of the following conjecture of Vogan [16J, proved by 
Huang and Pandzic [SJ. 

Let G be a connected real reductive group with a maximal compact sub- 
group K and let K be the two-fold spin cover of K. Let g = t © p be the 
Cartan decomposition of the complexified Lie algebra g of G. 

Theorem V. Let X be an irreducible (g, K) -module. Let 7 be the highest 
weight of an irreducible K -module appearing in the Dirac cohomology of X . 
Then the infinitesimal character of X is given by 7 + pi, where p% is the half 
sum of the positive roots oft. 

For more details on this statement (in particular for an explanation of how 
7 + pi defines an infinitesimal character) see the discussion in [5J, 2.3]. 
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This theorem has been proved in [3] as a consequence of a purely alge- 
braic statement, which is as follows. Consider the embeddings 6 —>■ g — > 
U(q), 6 — > so(p) — > Cl(p), and let 6a be the associated diagonal copy of 6 
in U(g) ® Clip). Let Z(g), Z(*a) be the centers of U(g), U(t A ), let f), t be 
Cartan subalgebras of g, t and W, Wt their respective Weyl groups. Recall 
the isomorphisms S(t)) w £ P(f)*) w , ^(t)^ S P(t*) w « (here P(V) denotes 
the algebra of polynomial functions on the vector space V and S(V) the 
symmetric algebra on V). 

Theorem HP. Let {z^} be an orthonormal basis of p with respect to the 
Killing form of q and let D = Zi £g> Zi be the Dirac operator. 

1. For any z G Z(q) there is a unique ((z) G Z(t^) and an element 
aeU(g) <g> Cl(p) such that z®l = ((z) + aD + Da. 

2. The map ( : Z(g) — > Z(t&) = Z(t) is an algebra homomorphism which 
makes the following diagram commutative: 

Z(g) -<-> Z(t) 

S ft)w S{t) w « 

Here the vertical arrows are Harish- Chandra isomorphisms, whereas Res is 
the restriction of polynomials on f)* to t* . 

Kostant observed in [T3J that Theorem HP holds for any reductive pair 
(g, a) provided one uses the cubic Dirac operator. Since this operator is in a 
precise sense a specialization of our G^l (see the discussion in [U §3.4]), it 
is natural to ask whether it is possible to formulate a kind of affine analogue 
of Theorems V or HP. We obtain this analogue in the following setting. 

We replace the (g, i^)-module X by a highest weight twisted g-module 
M. Let g°, a denote the fixed point subalgebras of a in g, o respectively. 
Let f)o denote a Cartan subalgebra of g°. Fix a Cartan subalgebra f) a of a 
and let f) be the corresponding Cartan subalgebra of a. Let C g denote the 
Tits cone of g (cf. ( IQl ) and let %, p aa be as in (1P7I) . Let W be the Weyl 
group of g. The following result is our affine analog of Vogan's conjecture. 

Theorem 1.1. Assume that the centralizer C(f) a ) of\) a in g° equals f)o- Fix 
A G f)o suc h that A + p CT G C s and let M be a highest weight module for g 
with highest weight A. Let f be a holomorphic W -invariant function on C g . 
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Suppose that a twisted highest weight a-module of highest weight jj occurs in 
the Dirac cohomology if((G 0iO ) o , M). Then 

/ifJjO + Pcur) = /(A + p CT ). 

The content of the paper is as follows. In Sections 2 and 3 we intro- 
duce the basic material on vertex and Lie conformal algebras, and on their 
twisted representations, respectively. Here we discuss in some detail the ex- 
amples of affine, fermionic and super affine vertex algebras, and their twisted 
represent at ions . 

In Section 4 we introduce (for any reductive pair) the relative affine Dirac 
operators, in the framework of twisted representations of super affine vertex 
algebras. We compute their squares and the values of the squares on highest 
weight vectors (formula (14.101) and Propositions 14. 21 and 14. 6p . Also, we obtain 
formula (14.211) . as a corollary of these computations. It is shown in Section 
6 that in the special case when a is a finite order automorphism, formula 
(I4.2ip turns into the "very strange formula" [SJ (13.15.4)]. 

In Section 5 we decompose (under the assumption rank a = rankjj ) the 
kernel of a relative affine Dirac operator in the multiplets (Theorem 15.41) . 
compute the (common) eigenvalue of the affine Casimir operator on repre- 
sentations of each multiplet (Corollary 15.61) and show that the signed sum of 
asymptotic dimensions of representations of a multiplet is zero (Proposition 

EZD. 

In Section 7, in the general setting of reductive pairs, we obtain a non- 
vanishing result for affine Dirac cohomology, similar to Kostant's [T3] in the 
finite dimensional setting. 

In by far the longest Section 8 we prove our affine analogue of Vogan's 
conjecture: the main result is Theorem 18.11 which is a technically more pre- 
cise formulation of Theorem 11.11 ab ove . Though the flavor of Huang-Pandzic's 
proof remains (notably in exploiting the exactness of suitable Koszul com- 
plexes) , we have to overcome several difficulties which are due to the comple- 
tion, which has to be introduced in order to have a large holomorphic center, 
constructed in [7j, and the corresponding Harish- Chandra type homomor- 
phism. 

In Section 9 we give proofs, omitted in previous sections, of various tech- 
nical results. 

2 Basic definitions and examples 

For background on vertex algebras, conformal Lie algebras and twisted vertex 
algebras see [9], pQ, [TT] . 



8 



A vector superspace is a Z/2Z = {0, l}-graded vector space V = Vq®Vj. 
If a G Z/2Z, then set = a if t> G V a and call p(v) the parity of v. We 
also set p(v,w) = (— 1)p( u )pM. Recall that an End(V) -valued quantum field 
is a series 

where a(„) G End(V) all have the same parity (called the parity of a(z)) and, 
for all v G V, 0( n )i> = for n >> 0. 

Definition 2.1. A vertex algebra is triple (V, |0), Y), where V is a vector 
superspace, |0) is an even vector in V, and F:an Y(a, z) = Yl a {n) z ~ n ~ 1 

is a parity preserving linear map from V to the space of End{V)-vdlued 
quantum fields. These data satisfy the following axioms, where Ta = 0(-2) |0): 

i) T|0) = 0, Y(a,z)\0)\ g=o = a, 

ii) [T, Y(a, z)\ = d z Y(a, z), 

iii) (z - w) JV [r(a, z), Y(b, w)] = for some N G Z+. 

As a consequence of the axioms one deduces that, if a, b G V , then, in 
End(V), 

[a(n),b( m )] = l n ){a(j)b)(n+ m ~j), n,meZ. (2.1) 



In a vertex algebra one defines a bilinear product : • :, called the normal 
order product, by : ab := a(_i)6. Letting Y + (a, z) = J2 n<0 a( n )Z~ n _1 and 
F _ (a, z) = J2 n>0 a( n )Z _ " _1 , one defines the normal order product of quantum 
fields by 

: Y(a, z)Y(b, z) := Y + (a, z)Y(b, z) + p(a, b)Y(b, z)Y~(a, z). 

Then 

: Y(a,z)Y(b,z) := Y(: ab :,z). 

The normal order product is, in general, neither commutative nor associative, 
but the following "quasi-commutativity" and "quasi-associativity" relations 
hold: 

: ab := p(a, b) : ba : + J [a x b]d\. (2.2) 

:: ab : c :=: a : be :: + : ( / d\a)[b x c] : +p(a,b) : ( [ d\b)[a x c] : . (2.3) 
where 

[°^] = -r a w & - ( 2 - 4 ) 

n>0 
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Definition 2.2. A Lie conformal superalgebra is a Z/2Z-graded C[T]-module 
R = Rq © i?X) endowed with a parity preserving C-bilinear map R <8> i? — > 
C[A] Cg> -R, denoted by [a A 6], such that the following axioms hold: 

(sesquilinearity) [Ta\b] = — \[a\b], T[a\b] = [Ta\b] + [a\Tb], 

(skewsymmetry) [b\ a] = — p(a, &)[a_ A _r&], 

(Jacobi identity) [a A [6 M c]] - p(a, b)[b fl [a x c\] = [[a A 6] A+M c]. 

A vertex algebra can be endowed with the structure of a Lie conformal 
superalgebra by introducing the A-product via (12.41) . Moreover [•>•] and : • : 
are related by the non-commutative Wick formula : 



Combining Wick formula with skewsymmetry we get the "right non-commu- 
tative Wick formula" : 



[: ab : A c] =: (e Tch a)[b x c] :+p(a,b) : (e Tc H)[a A c] :+p(a,b) / [b^ax-^dfi. 



Given a Lie conformal superalgebra R one can construct its universal 
enveloping vertex algebra V(R). This vertex algebra is characterized by the 
following properties: 

1. There is an embedding R —>■ V(R) of Lie conformal super algebras. 

2. Given an ordered basis {<2j} of R, the monomials : : with 
ij < ij+i and ij < if p{di j ) = 1 form a basis of V(R). 

Here and further, the normal ordered product of more than two fields is 
defined from right to left, as usual. 

We will be using the following three examples of Lie conformal superal- 
gebras and their universal enveloping vertex algebras. 

2.1 The affine vertex algebra 

Given a reductive finite dimensional complex Lie algebra q endowed with 
a nondegenerate invariant bilinear form (•,•), one defines the current Lie 
conformal algebra Cur(o) as 




(2.5) 




(2.6) 



Cur(g) = (C[T] ® ) + CK 
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with T(K) = and the A-bracket defined for a, b G 1 © g by 

[a x b] = [a, b] + A(a, 6) A", [a A A] = [tf A #] = 0. 

Let V(g) be its universal enveloping vertex algebra. Given a, b G g then it 
follows from ([21]) that, in £nd(V(g)), 

[fl(n), km)] = K b ] + $n,mn{a, b)K, 771, 71 G Z. 

The vertex algebra 

V*(fl) = V( fl )/ : (A - *|0»V( fl ) : 
is called the level k universal affine vertex algebra. 

2.2 The fermionic vertex algebra 

Given a vector superspace A with a nondegenerate bilinear form (•, •) such 
that (a, b) = (-l) p( - a \b, a), one can construct the Clifford Lie conformal 
algebra as 

R C \A) = (C[T) © A) ©Of' 
with T(K') = and the A-bracket defined by 

[o A 6] = (a, 6) A', [a a A'] = [A A A'] = 0. 

Let V(A) be its universal enveloping vertex algebra. Given a,b G A, it follows 
from flri} that, in £nd(V(A)), 

[0(n) > & (m)] = <Wm,-l 0, 6) A', 771, 71 G Z. 

The vertex algebra 

F(A) = V(A)/:(K'-|0))V(A): 
is called the fermionic vertex algebra. 

2.3 The super affine vertex algebra 

Let g be a reductive complex finite dimensional Lie algebra endowed with 
a non-degenerate symmetric bilinear invariant form (•,•). Regard g as an 
even superspace and let g be g viewed as an odd superspace. Consider the 
Lie conformal superalgebra R super = (C[T) <g> g) © (C[T] © g) © QC © (X 
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with T(/C) = T(K) = 0, /C, /C being even central elements, the A-brackets for 
a, b G 1 <E> being 

[a A 6] = [a, 6] + A(a, 6)/C, [a A 6] = [o A 6] = [a, 6], [a A 6] = (a, &)£. (2.7) 

Denote by \/(.R su P er ) the corresponding universal enveloping vertex algebra, 
by V 1 (R super ) its quotient modulo the ideal generated by /C — |0) and by 
yk,i^jjsuper^ quotient modulo the ideal generated by K. — k\0) and K— |0). 

We conclude this section by showing how our three examples are related. 
First of all we recall that a tensor product of vertex algebras V\ and V 2 is 
the vertex algebra V\ ® V% with vacuum vector |0)i <8> 1 0)a and state-field 
correspondence defined by Y[a ®b,z) = Y(a, z) <8> Y(b, z). 

Assume that g is semisimple or abelian. Let Cas be the Casimir operator 
of g with respect to (•,•)• We can and do assume that the form is chosen so 
that Cas = 2g I g when acting on g, where g is a positive real number. 

Proposition 2.1. Let {xj} be an orthonormal basis of g. For x G g set 

x = x - i ^2 '■ [x,Xi]xi :, K = K - g\0). 

i 

The map x^x,K^K,y^y defines a Lie conformal superalgebra ho- 
momorphism Cur(g) ®R cl (g) — > v 1 (R super ), which induces an isomorphism 
of vertex algebras V k {g) <g> F{g) = v k +^ 1 {R super ). 

Proof. We first show that for a, b G g we have (in V 1 (i? super )) 

[a A 6] = M + A(/C - fl r|0»(a,&) = [a x b]. (2.8) 

The first equality in (12.81) follows from the Wick formula (12.51) and the Jacobi 
identity: 

[a\b] = [axb] - lyjQA : [b,Xi)x~i :] 

i 

/-A 

= [aA&] - [ q a[^^]]^ : + : [b,Xi\[a x Xi} : + / [[a x [b, XiW^dfx) 

Jo 

= [axb] - §y]Q [a, : + : [a, ar 4 ] : +A([a, [6, Xj]], 2*)) 

i 

= [axb] - | [a, [6,Xj]]xj : + :[&, [xj,a]]xj :) - Xg(a,b)\0) 

i 

= [a x b] -^JZ : [[a,b},Xi}xi : -A</(o, 6)|0). 
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Recalling that [a\b] = [a,b] + X(a, b)K we have (12.81) . By skewsymmetry of 
the A-bracket, we readily obtain the second equality in (12.81) . 
Next we prove that 

[a x b\ = 0. (2.9) 
Just compute, using the Wick formula (12. 5ft : 

[a x b] = [a x b] - \ ^[qa : [b,Xi]xi :] 

i 

= [a,b] - |(^J : [a x [b,Xi}]xi : - ^ : [6, Xi] [a A X;] :) 
= [a, 6] - |(y^(a, [b,Xi))xi - J^(a, 

i i 

= [a,b] - \[a,b] + \[b,a\ = 0. 
Finally, using (12.91) we get \a x b] = [a x b], and, using (12.81) . we find 

[a x b] = \aj)\ + \{K - g){a, b) = \a^b) + \K(a, b) = \arf\. (2.10) 

This proves the first part of the statement. 

Clearly the ideal generated by K — k\0) gets mapped to the ideal of 
K 1 (i? super ) generated by K, — (k + g)\0), so our map factors to a map from 
V k (o) ® F(q) to V k+g,1 (R super ). We now show that this map is an isomor- 
phism. For this it suffices to show that it maps a basis of V k (g) <S> F(s) to a 
basis of V k+9 ' 1 (R super ). A basis of V k (o) (g) F(q) is given by vectors 

: T^{x n ) ■ ■■T^(x Jh ) : ® : T^{x Sl ) • ■■T^(x St ) :, 

with ji < . . . < j k , si < . . . < si. These map to 

:T t *{x jl )>->T i >(x jh )T*{W n )>->T»(Wj : . 

Define a filtration of V k+9)l (R super ) (as a vector space) by setting 

V k+9 >\R super ) m = span{: T h { Xjl ) ■ ■ ■T^(x Jh )T^(x Sl ) ■ ■■T\x St ) :| h < m}. 

Then, since [x x y] = 0, we see that 

:T^(x n )---T^(xjT^(x Sl )---T rt (x St ): 

=: T^(x n ) ■ ■■THx jh )T^(x sl ) ■ ■ -T^(x St ) : +a, 

with a G V k+9 ' l (R super ) h ^. Since the vectors 

:T^(x jl )---THx jk )T^(x Sl )---T^(x St ): 

form a basis of V k+9,1 (R super ) we are done. 

□ 
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3 Representations of vertex algebras 



A field module over a Lie conformal superalgebra R is a vector superspace M 
endowed with a linear map Y M from R to the superspace of End(M)-va\ued 
quantum fields, 

a^Y M (a,z)=J2^ ) z- n - 1 
such that for all a,b G R, m,n G Z one has: 

[ a (n)> fr(m)] = X] ( ~ )( a O')^)(n+m-j)> (3- 1 ) 

F M (T(a),z) = ^r M (a,z). (3.2) 

Also recall that a representation of a vertex algebra V in a vector super- 
space M is a linear map Y : V — > End(M)[[z, z -1 ]] as above, such that 
Y M (\0),z) = J M , : F M (a,,2)y M (M := F M (: a& :,*) and (O), hold. 
Notice that the vertex algebra V itself is a representation of V. 

More generally, one has the notion of a twisted field module over a Lie 
conformal superalgebra and of a twisted representation of a vertex algebra. 
Let R be a Lie conformal algebra and a a semisimple automorphism of R. 
Assume (for simplicity) that the eigenvalues of a are of modulus one. Then 
R decomposes in a direct sum of C[T]-submodules i? M = {a G R \ a (a) = 
e 2mtJ, a}, ~ft G R/Z. A er-twisted field module over R is a vector superspace M 
endowed with a linear map F M : a i— > y M (a, z), where F M (a, 2) with a G -R M 
is an £ , nc?(M)-valued cx-twisted quantum field 

Y M (a, z)=J2 a {n)Z~ n ~\ af n) v = for n » 0, 

such that (13.1 p and (13. 2p hold. Here and further fx stands for a coset of R/Z. 

Let be a vertex algebra and o a semisimple automorphism of V with 
modulus one eigenvalues. If M is a a-twisted field module of V, viewed as a 
Lie conformal superalgebra, and a G choose \x G R in the coset JI and set 

(a,z) =J2<) Z ' H ~^ F - M M = E<)^ n_1 - 

Define the normal ordered product of u-twisted fields as 

: Y M (a, z)Y M (b, z) := Y^(a, z)Y M (b, z) + p(a, b)Y M (b, z)Y™(a, z), 
(it depends on the choice of /1 in ~p). 
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A (j-twisted representation of a vertex algebra V is a cx-twisted field mod- 
ule M of V (viewed as a Lie conformal superalgebra), such that 

Y M (\0),z) = I M , (3.3) 

: Y M (a, z)Y M (b, z) : = J] Y M {a^ x) b, a G V 77 . (3.4) 

If a is an automorphism of a Lie conformal algebra R then we can extend 
a to an automorphism, still denoted by a, of V(R) by 

cx(: a ix • • • a ik :) =: a(a h ) ■ ■ ■ a(a ik ) : . 

The following lemma is a restatement of Proposition 1.1 of [TT], which pro- 
vides a handy way to construct a- twisted representations of V(R) from cx- 
twisted field modules over R. 

Lemma 3.1. Any a-twisted field module over a Lie conformal algebra R 
extends uniquely to a a-twisted representation over V(R), using (13.31) and 

(El). 

We now apply Lemma 13.11 to our examples of vertex algebras. 

3.1 Twisted representations of the affine vertex alge- 
bra 

Let a be a semisimple automorphism of g with modulus 1 eigenvalues that 
keeps the bilinear form invariant. Then a can be viewed as an automorphism 
of Cur(g) by setting a(K) = K and letting a and T commute. It follows 
that we can extend a to an automorphism of V(g) that clearly stabilizes 
: (K — k\0))V(g) :. We obtain therefore an automorphism of V k (g). 

Let L'(g, a) = £ i6R (t J ' ® J ) © CK , where d 7 = {x e g \ a(x) = e 2nil x}, 
and, as before, j G R/Z denotes the coset containing j. This is a Lie algebra 
with bracket defined by 

[t m ®a,t n ®b] = t m+n ® [a, b] + <5 m , n m(a, b)K, m,n G 1, 

if being a central element. We say that a cx)-module M is restricted if, 
for any t> G M, (t- 7 ® ct)(t>) = for j >> 0. We say that M is a representation 
of level k if ifu = feu for all v G M. 

If (-7T, M) is a restricted L'(g, cx)-module of level k and a G J , then de- 
fine Y M (a, z) = EneJ^C*" ® a)^ 71 - 1 and Y M (K,z) = kI M - Clearly these 
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fields satisfy (13.11) and (13.21) . Applying Lemma |3~T1 we obtain a cx-twisted 
representation of V k (o) on M. 

A particular example of a restricted module is given by a highest weight 
module. Let f)o be a Cartan subalgebra of 0° and = h + CK. If /i G (f)')*> 
we set /I = /i|f, . Denote by A the set of roots for the pair (g°, f} ) and 
fix a subset of positive roots Aq in A . For a G A , let (g°) Q denote the 
corresponding root space and set n = J2 a eA + (d°)a, n' = n + J2j>o^ ® S^- 
Fix A G ((}')* and set fc = A{K). A L'(g, <r)-module M is called a highest 
weight module with highest weight A if there is a nonzero vector v A G M 
such that 

n'K) = 0, hv A = A(h)v A for /i G fj', C/(L'(g, <r)K = M. (3.5) 

If G f)o, we let be the unique element of fjo such that (h, = //(/i). 
Let Aj be the set of f) -weights of g J . Set 

PO = ^ «, Pj= g X ( dim 0a)« if J 7^0, p ff = ^(l-2j)pj. 

aeA+ aeAj 0<j<-§ 

(3.6) 

Choose an orthonormal basis {xj} of g and set 



L^= 1 -J2^ l x t :eV k (g), (3.7) 

i 

= 5 E ' zi V^ (li " i 7 (3 - 8) 

0<j<l 

Lemma 3.2. If M is a highest weight module over L'(q,o~) with highest 
weight A, then 



(L )f'K) = ~{A + 2p a ,A)v A + kz(Q,a)v A . (3.9) 



1 



'(i) 



2 



Proof. If is any basis of g and {?/'} is its dual basis, then, clearly, 2L S = 
'■ ViV 1 '■ ■ We can and do choose {yi} so that y^ G g Si , for some Sj G R/Z. 
By (13.41) we have 

(eo ^ 0) = E f H^UvX-n) + E(v')?»)(i/*)w 

\ i / (1) i \n<Si n>s; 



rez+ ^ ' 



(3.10) 
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We choose <E [0, 1), thus 



\ M 

E( : W ) W = E((v')^)(w)S) - ^.ylw - 

« / (l) * ^ ' 

as in PH (1.15)]. Write 



i:si=0 

S; 



2 

i-.Si>0 ^ ' 

Choosing an orthonormal basis {hi} of P)o and writing Yl V l Vi = 2h Po + 

i:Si=0 

Y,i h l + 2 XLeA+ x -aX a , we find that 

EC ViV 1 --) M ') K) = (A + 2p ,AK + ME ^y^<W)«A 

(1) 0<j<1 
i:Si>0 

In order to evaluate $^. ai>0 Si[yi, y % ](p)( v A), we observe that 

E = E [^'^- 

i:Sj=s i:si=X— s 

This relation is easily derived by exchanging the roles of yi and y % . Hence 

= E *y < ]S(«A)+ E {*i-V\3H>v%M 
= - E (i-2^)[^^)K). 

We can choose yi G so that [yi,y % ] = h a , hence 

E (l-2 Sl )[ yi ,y%(v A )= E (l-2 Si ){2p Si ,A)v A . 

i:|>Si>0 i:0<Si<l 

This completes the proof of (13.91) . □ 
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We extend the Lie algebra L'(g, a) by setting L(g, a) = L'(g, a) © Cd, 
where d is the derivation of L'(g, a) such that d(K) = and d acts as t4 on 
L(g, a). Set t) = f)o © CA" © Crf. If A e a L(g, <r)-module M is called a 
highest weight module with highest weight A if M is a highest weight module 
for L'(g,a) with highest weight A^/ and ci • i>a , = A(d)fA ,. We let d M be 
the operator on M given by the action of d. 

Lemma 3.3. If M is a highest weight module over L(g, a) with highest weight 
A and level k, then, as an operator on M, 

(L% ) + (k + g)d M = f^(A + 2 Pa ,A) + kz{g,a) + (k + g)A(dyjl M . (3.11) 

Proof. It is well known (and easy to show) that if x 6 g, then [xa£ 9 ] = 
(k + g)Xx, hence, by (13.1 ft 

= + g)nx$y (3.12) 

It follows that, as operators on M, 

[t n © x, + (k + g)d M ] = 0. (3.13) 

By Lemma [3. 2\ 

((L% + (k + g)d M ) ■ v A = + 2p CT , A) + fc*( fl , a) + (k + g)A(d))v A . 

Since M = U(L'(g, a)) ■ t> A , (13.131) implies the result. □ 

3.2 Twisted representations of the fermionic vertex 
algebra 

Analogously to the affine vertex algebra case, if A is an odd vector superspace 
with a non-degenerate bilinear symmetric form (•, •) and a is a semisimple 
automorphism of A with modulus one eigenvalues that keeps the bilinear 
form invariant, then we can extend a to R cl (A) by letting T and a commute 
and setting &(K') = K' . As in the affine case, we can extend a to F(A). 

We set L(A, a) = ©^^(t^ © A^) and define the bilinear form < •, • > 
on L(A,a) by setting < F <g) a, V <g) b >= 5 M+i ,_i(a, 6). Let C7(L(A, a)) be 
the corresponding Clifford algebra. We choose a maximal isotropic subspace 
L + (A,o~) of L(A,cr) as follows: fix a cr-invariant maximal isotropic subspace 

A + of A~\, and let 

L+(A a) = (® M> _i(^ © A^)) © (H © 
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We obtain a Clifford module F°(A) = Cl(L(A, a))/Cl(L(A, a))L+(A, a). 
Then we can define fields Y cr (a, z) = Y2nep(^ n ® a)z~ n ~ l , a G A^, where we 
let t n ®a act on F a (A) by left multiplication. Set Y a (K', z) = If°(A)- Lemma 
l3.1l now gives a cr-twisted representation of F(A) on F a (A). If a G F(A) then 
we write instead of a, n -} . Fix a basis of A and let {b 1 } be its dual 
basis. Set 

L A = -± y £ t :T(b i )tt:eF{A). (3.14) 

j 

It is well known (and easy to compute) that 

[L A x a] = -{T+~\)a (3.15) 

for a G A, hence, by (13. II) . 

[Lf 1} ,a in) ] = (n+-)a (n) (3.16) 
As in [TT1 (1.16)], we have from ( 13 .4ft : 

3.3 Twisted representations of the super affine vertex 
algebra 

Fix, once and for all, a semisimple automorphism o of g with modulus 1 eigen- 
values that keeps the bilinear form invariant. This automorphism extends to 
two automorphisms of the Lie conformal superalgebra R su P er ; denoted by a 
and r, as follows. Both fix K, and K, and commute with T, both act on 1 ® Q 
as 1 (g> a, and cr (resp. r) acts on 1 (g) g as 1 <E> o (resp. — 1 ® a). We therefore 
obtain two automorphisms of V(R super ), also denoted by a and r. Clearly cr 
and r stabilize 

: (£ - k\0))V{R super ) : + : (£ - \0))V {R super ) :, 

so we obtain automorphisms of V k,1 (R super ), also denoted by o and r. 

Denote by f the automorphism r restricted to i? c '(g) = C[T] <8> g + C/C. 
As above, we can extend this automorphism to F(g), also denoted by r . 

Observe that a(x) = r(x) for x G g. Indeed, 

1 j 

a ( x ) ~ 2 : H^)'^]^ : = r (^) - 2 a £ : [ x ^ cr ~ 1 { x i)) cr ~ 1 ( x i)) '■= T ( x )- 

i i 

(3.17) 
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Remark 3.1. It follows from (I3.17P that the isomorphism V k+g ' 1 (R super ) — > 
V k (g) <S> F(q) intertwines r and a <g> r. Thus, if M is a level k highest weight 
L'(g, cr) -module, then M®F T (g) is a cr ® r- twisted representation of V k (g) <8> 
-F(g) hence a r-twisted representation of V k+9,1 (R super ). In particular, if 
b G g, then 6 acts only on the first factor of M <S> -F r (g) whereas 6 acts only 
on the second factor. 

Next let a be a reductive cr-invariant subalgebra of g, such that (•, •) 
remains nondegenerate when restricted to a. Let p be the orthogonal com- 
plement of a in g. If x G Q we write x = x a + x p for the orthogonal decom- 
position of x. We fix once and for all an orthonormal basis {a{\ of o and an 
orthonormal basis {bi} of p. 

Let Cas a be the Casimir of a with respect to (-, -)| . Write a = J2s a s for 
the eigenspace decomposition of a under the action of Cas a , and let 2gs be 
the eigenvalue relative to as- In particular we let a be the center of a, while 
as is semisimple for S > 0. 

We construct the Lie conformal algebra Cur(as) and, given k G C, the 
corresponding vertex algebra V k (as) using the form (•, •) restricted to a^, 
so that, if x,y G as, then [x\y] = [x,y] + \(x,y)K$- We abuse slightly of 
notation by letting Cur (a) = (C[T] ® a) © (e s CKs). 



The super affine conformal algebra R super (a) corresponding to a em- 
beds naturally in R su P er ^ thus we have an embedding of V k+9 ' 1 (R super (a)) 
in V k+9,1 (R super ). In particular M <S> F T (g) turns into a representation of 
V k+9 ^{R super {a)) by restriction. Set, for x G a, 



Since a<i(Cas a )| a5 = 2g s I as , applying Proposition 12.11 to R super (a), we 
have that x i— > (x) a , x i— > a; induces an isomorphism (®5l / ' c+9 ~ ffs (os')) © 
F~(a) -> V^'^-R^^a)) that intertwines a ® f with r. 

It follows that we can look upon M © F T (g) as a a © r-twisted represen- 
tation of {®sV k+9 ~ 9s {as)) <8> F T (o). 

In order to understand this representation we write N = M ® F T (g) as 
(M © F~(p)) <g> F~(a). For x G a set 



Then x acts on JV via Y N ((x) a ,z) = Y N (x,z) + Y N (9(x),z) = Y M (x,z) © 
Ipr® + hi © Y FT ®(6(x), z). Since 




(3.18) 



^) = i^:[a:,6,]6 l : 



(3.19) 
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we have that 9(x) G F(p), and in turn Y FT ®(6(x),z) = Y pT(P) (6(x),z) © 
I F - ( a). Thus, as a representation of <» s V k+9 ' 9s (a s ) © F T (a), M © F^g) is 
(M® F~(p)) ® F~(a), where the representation of V fc+9 " 9s (a 5 ) on M©F~(p) 
is the one induced by the field module of Cur (a) defined by 

Y M (x, z) ® Ipr m + I M ® F F ^(#(;r), z). (3.20) 

Recall that Aq is a subset of positive roots for the set of f)Q-roots of 0°. Let 
b = f)o © n be the corresponding Borel subalgebra. Fix a Cartan subalgebra 
b, a of a = a fl 0°. We can assume that f) a C f) , so that f) = f) a © f)p is the 
orthogonal decomposition of f)o- Furthermore, as shown in § 1.1 of [13j, we 
can assume that n = n fl a © n fl (p fl g°) and that, if n a = n fl a , then 
f) a © n a is a Borel subalgebra of a . Let A+ be the corresponding subset of 
positive roots in the set A a of f} a -roots of a . Set n_ = ^2 g°. The same 

Q6-A+_ 

argument used for n shows that n = n_ fl a © n fl (p fl g°). We define 
L'(a, a) = J2jm^ ® °^ ® (X/s^-^s)- This is a Lie algebra with bracket 
defined by 

[t* © a, t J ' © 6] = f +i © [a, 6] + 5 i:j i(a, b)K s 

for a G as, the elements being central. 

Set n' a = n' n L'(a, a). If ^ G (f) © (E<? we sa y that a L '( a > cO- 

module M is a highest weight module of weight fi if there is a nonzero vector 
v fj, G M such that 

= 0, hv„ = fi(h) VfM for ftG^ffig CK 8 ), U{L'(a, a))v^ = M. 

(3-21) 

If M is a highest weight module for L'(g,cr) with highest weight A and 
k = A(K), then M © F T (p) is a representation of <S>sV k+9 ~ 9s (as), thus we 
can regard M © -F'Xp) as a L'(o, a)-module. In particular, by letting M be 
the trivial representation of L'(g, a), we have an action of L'(a, a) on F T (p). 

Let Aq be the element of (t) a + CK S )* defined by 

A 5 (U=0, A S (K T )=6 ST . 

Define moreover 

Pa 'J = \ Yl dim ( aJ )« a > Pa* = Yl ~ 2 -?W ( 3 ' 22 ) 

Q e( A j)|ho o<i<| 
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Lemma 3.4. Let M be a level k highest weight module for L'(g, a) with 
highest weight A. Set M' — U(L'(a, cr))(fA® 1)- Then M' is a highest weight 
L' (a, a) -module with highest weight 

fi = (A + Pa )\ ha - p aa + J2( k + 9~ <7s)Ao- (3-23) 

s 

Proof. If x G a j (with -| < j < |) then, by fl3T20l) . t n ® a; acts via x¥ n) ® 
+ ® 0(ac)[ n) . If n > then xf n) (v A ) = 0. Moreover 0(ar)[ n) = \ : 
:[ n) , hence, using (GOD), 

wr»)(i)=^ e Mi- + ,4)fe- 8i -HW 

-5 E (^)F-i + ,)M^-i)(i) 

i:j= Sj =-i 

= 0. 

If n = and x G n n then, since n a C n, x^Jv\) = 0. Moreover 

i:s,;>0 

Since x G n and, if Sj > 0, [&*,£>*] G f)o, we have that £) { S4 >o([ x > ^»]> ^) = 
Si Si>o( x ' ^]) = 0- We choose a maximal isotropic space hp of h p , so that 
(n fl p) © hp is a maximal isotropic space in 0° R p. 

We can choose the basis as the union of a basis {xi} of n fl p with 
an orthonormal basis {hi} of h p and a basis {jji} of n_ fl p. Set {x 1 } (resp. 
{y 1 }) be the basis of n_ fl p (resp. tin p) dual to {xj} (resp. {?/«}). Then 

E Ml-^^r-^w = EmI-d^w 

i:Si=0 i 

+EI^I(-i)(^)F-i)( 1 ) 

+Erai-i)(^)H)(i)- 
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Since x G n, then [x,h] G n fl p and [x, Xj\ G n D p, thus 

E FAj^D^i^l) = ^(x,[x i ,x i ]) + ^(x, = 0. 

i:Si=0 i i 

It remains to compute the highest weight fi. If h G f) a , then 

• (u A ® 1) = /w A ® 1 + v A <g> 0(/i)[ o) • 1 = A(% A <8> 1 + v a <g> 0(/i)(o) • 1. 

Now 

9(h)J 0) • 1 = J2 ■ IW :[o) •!■ 

i 

Applying (13.41) we find that 

Y T (9(h), z) = ^Y,' F "(M> z ) YT @i z )'-- E dim(^np)^- 1 . 

i j>0 

Q e( A -)|fta 

Writing out explicitly the normal order in the r.h.s of the previous equa- 
tion, we get: 

wfo) • i = 

\ EPj-jfc-j • 1 - E 2 ^ - Rum = 

i j>0 

\ ¥AUfi l Y-\ ■ 1 + \ E (fc ^ 6 *) - E - p^ h ) 

i:Si=0 i:Si>0 j>0 

\ E WM-^f-i ■ i + E(^ - p*)( h ) - E 2 i(pj - p*)( h )- 

Choosing bases {x{} in nflp, {yi} in n~ Dp and {hi} in h p as above we have 

\ WM-^Y-l ■ 1 = \ E ■ 1 = (P0 - Pao)(h). 

i:Si=0 i:Si=0 

The final outcome is that 

9(h)l yl = (p a -p aa )(h). 

Since we are looking at M (g> -F r (p) as a representation of <g) S V k+9 ~ 9s (as), 
then i^s acts as (k + g — (75)/. □ 
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Similarly to what we have done with L'(g,cr), we define L(a,a) by ex- 
tending L'(a, a) with d a and letting d a and Kg commute for all S. We wish to 
extend the action of L'(a, a) on F T (p) to L(a, a). In order to do this we need 
the following computation. Recall from ( 13. 14ft the definition of the element 
L A for the vector superspace A. 



Consequently, due to (13. ip . for any a G C, we can extend the action of 
L'(a,a) on F T (p) to L(a, a) by letting d a act as (L^) T ^ + al. 

Proof. By ( 12.91) and Wick formula ( 12.51) . we have 



- ][>0n) A : T(k% :] = - : T^b, :] - - : T(b t )k :] 



As in the proof of Proposition 12.11 it can be computed easily that, if y £ p 
and x & a, then [(5) a A^] = [ x , y\- By sesquilinearity of the A-bracket we have 



then [(x) a xT(bi)] = T([(x) aX bi\) + X[(x) aX bi] = T([x,bi]) + \[x,bi], hence we 



Lemma 3.5. In V k > x (R super ) 



[e{x) x V] 



X9(x). 





can write 



^^2(:T([x,bi])bi ■ +A : [x,b i )b i : + :T{b i )[x,b i ] :) 




A0(ar). 



□ 
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4 Dirac operators 

The affine Dirac operator was introduced by Kac and Todorov in [TO]. It is 
the following odd element of V k+9>1 (R super ): 

i i,j 

Here {xi}, {x 1 } is a pair of dual bases of g w.r.t. the invariant form ( , ). 
Then, choosing Xi as the eigenvectors of a, say a(xi) = a>iXi, we see that 
r(xi) = —diXi, t(x 1 ) = — a^x 1 , hence 

r(G s ) = -G s . (4.2) 

The element G 8 has the following properties: 

[a x G s ]=X(k + g)a, (4.3) 
[a x G s ) = a. (4.4) 

Note that 

(4.5) 

i i,j 

In Section [9H] we will show (cf. [l]) that 

[G xG s ] = ■ ■ +(k + g) ■ T ^ ■ +Y {k + f } dimfl - (46) 

i i 

Identifying v k+9 > l {R super ) with V k (g) <g> F(g) we have that (ESJ) and fl9TD 
can be rewritten as 

G g = V] Xi ® - I V] |0)® : [Xj, x j ]i i x i : (4.7) 
» U 

and 

[G 0A G ] = 2(L g> |0» - 2(k + g)(\0) ® L 5 ) + y(* + |) dim S . (4.8) 

where L is defined in ( 13.71) and L is defined in A3. 14)) . Note that if L g is as 
in (11.51) . then we have 

L g = 2(L g> |0» - 2(A; + (y)(|0) ® L ). 
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We observe that G g £ V k (g) ® F(q), so, fixing a restricted module M for 
L'(g, a) of level fc and setting N = M <g> -F r (g), we can consider the twisted 
quantum field 



3 

n- 



(Recall from g^D that r(G„) = -G B .) Let G% = G\ . We want to 

(2+") 

calculate (G^) 2 . Using (l4~8l) we have 



(^) 2 = ,G-o] = 2^(1). G (i } ] = H G 9{o) G s)(i) ~ M k + |)(dim fl )/^. 

(4.9) 

Combining (14.91) and (14.81) with A = 0, we obtain 



(G») 2 = (L% ® J F , (1) - (* + g)I M ® (^)[d - + |)(dim S ) J*. (4.10) 



We are interested in calculating (t>A <8> 1), t>A being a highest weight 
vector of a Z/(fj, cr)-module M with highest weight A. From (14.71) we know 
that Gq splits as the sum of a quadratic and a cubic term. We shall calculate 
the action of these two sums separately. We assume that Xi £ Q Si where 
-\ < Si < §, so that a?* £ g-*. Writing Y T for and, if a £ F(g), a 

for af \ , we have 

(r) ' 



(r) 



_ 1 

1 



(4.11) 



This equality follows by repeated applications of (13. 4p . We now simplify the 
second summand of the right hand side. We already observed that 

hence in particular y*, 9 n\xj, x % 1 = 0. Thus 

J2(si + ^)[xi,x i ]= 2s i[ x i,A- 



0<s 4 <§ 
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If we single out the coefficient of £V . : Y T {\x i) Xj], z)Y T (x l , z)Y T {x^ z) : 
corresponding to z~^~ l and apply it to v A <g) 1 (indeed to f ), we have 

£ ■ Y T (¥^j\ p , z)Y T &, z)Y^, z) : (|) (I) = 

X)( £ (I^)[„ |) (x0[_ |) (^)[_ |) )(l)-3^([^)[„, ) (f). (4.12) 

i,j Si=Sj=0 s i>0 

The first summand in (I4.12p is the cubic term in Kostant's Dirac operator 
for 0°. In Kostant p2] it is proven that 

= -6(^ )[^)(1)- 

i,j Si =Sj=0 

With easy calculations one proves that 

^Xi^X 1 ) («A ® 1) = «A ® (%)(Li) • 1- (4-13) 

Ad 

Now we can complete the proof of 
Proposition 4.1. Let p a be as in ( \3.6\\ . Then 

G > A ®l)=v A ® (hj +p J ( _ h) ■ 1. (4.14) 
Proof. Collecting all the contributions (PTL(TP3?1). and (Q5]l . we find that 



i (l-2s j )[x j ,xi]\ 



G> A ® 1) = v A ® ( % +po + - ^ (1 - 2 S ,)[x,,^] | ■ 1. (4.15) 

H) 

Now, if {vi} is a basis of g*, then ^ (1 — 2si)[vi,v 1 } is independent of the 

Si=t 

choice of the basis. It follows that 

^(l-2 Si )[x,,x 4 ] = £ £)(l-2 Si )[zai,4] (4-16) 

i:Si=t i:.Si=ta£Aj 

where {x ai } is a basis of g^. Since [x Q j,a4] = h a , we have that the l.h.s. of 
(I4.16P equals 2(1 — 2t)h Pt . Summing over t and substituting in (I4.15P we get 

dm. □ 

Recall from (13 . 81) the definition of z(g,a). We have 
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Proposition 4.2. 

1 - • 1 = a )~ h dim 0- 

2. If M is a highest weight module of L'(q,<j) with highest weight A, then 
(O'K ® 1) = \ ((A + 2p CT , A) + A dimg _ 2 gz(g, a)) (v A ® 1). 

Proof. If Mo is a highest weight module with highest weight —p a + kAo then, 
by Proposition O, G$ (v- p „ +kAo ® 1) = 0. Applying (HOOD and Lemma O, 
we find that 

O = (-^||p.ir + ^( ,a)-^(A; + |)dimg)K®l)-(fc + ^(t; A ®(L% r l). 

Since this equality holds for any k, the coefficient of k must vanish. This 
implies the first claim of the proposition. 
Again by (14.101) and Lemma 13.21 

(G^) 2 K ® 1) = (~(A + 2p a , A) + fczfo a) - + |) dim )K <g> 1) 
-{k + g)(v A ®{L% y l). 

Using the first equality we get the second claim. □ 

We now turn to the study of the relative Dirac operator. Fix a subalgebra 
a as in § El and consider G a E V k+9 '\R super (a)) C v k+9 '\R super ). 
Set G g , a =G S - G a . By g3) and (@3I), 



In particular 



[Gg,a\G g ,a] — [G 0X G S ] — [G aX G a ]. 

((G S ,X) 2 = (G%) 2 ~ ((GX)\ (4-17) 



so, by P~T01 . 



a xAf(g)F~(p) 



~~ (^°) (1) 

- i (V + |) dim - + <? - ^) dima s j J„. (4.18) 
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Proposition 4.3. If (A + Po)% = then (G , gjQ )^ r (f a <8> 1) = and, if p is as 

ill') iv> 



(77+ 2p aCTJ /x) - (A + 2p CT ,A) 

= ^dimg - 2^(0,a) - ^(|| dim a 5 - 2^(a 5 , a)). 

s 

(4.19) 

Proo/. Since JV = = (M(g>F~(p))®F~(a), applying PropositionO 

to G a and using Lemma 13.41 we find that 

(G 3 ,a)o (VA ®l)=V A ® (K-X+pJJ^ ■ 1 - V A ® (V +PCT ) |( ,J[_i) • 1. 

Since - h {A+Pa)]u = (% +p J P , we obtain 



(G Sia )%(v A ®l) = v A ® ((fcx+J^JLj) • 1. (4.20) 

This proves the first part of the statement. 

In particular, by (jUZP , ((G^) 2 - ((G a )^) 2 )K ® 1) = 0. Now applying 
Proposition 14.21 to (G^q we see that 



((GX) 2 («a ® 1) 2 



^ f Olfia + 2 Pa<7, /i|f,J + dim as ~ 2 9sz(a s , a)) j 



hence 



0|fj„ +2p aCT ,/i|f,J+5^(f| dima '5 ~ 2 #^(as,^)) 
s 

9 



= (A + 2p a ,A) + ^dim S -2^(g,a). 

□ 

Corollary 4.4. 

llPaf-ll/wll 2 = j^dimQ-2gz( d ,a)-J2(^dima s -2g s z(a s ,a)). (4.21) 

s 

Proof. Plug A = - Pa in fl4TT9|) . □ 

We now observe that G S)a defines a twisted quantum field on M ® F T (p). 
Clearly M ® F T (p) is a twisted representation of V k (o) (g> F(p). Recall from 
Proposition 12.11 that, if we set x = x — | £\ : [ : for x G 0, then the 

map i h i, i h i induces an isomorphism V k (o) ® ^(fl) — V rfc+5,1 (i? snper ). 
In the next result we show explicitly that G s ^ a is in the image of V k (g)®F(p) 
under this isomorphism. 
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Lemma 4.5. Let {bi} be an orthonormal basis of p. We have 

G s , a = E ■ ■■ "I E : M^M' = • (4-22) 

Proof. 

G s - G a = Y : b-bi : +|(^ : [a h b^a-bj : 

i ij 

+ E : [b^a^aj : + E : M;M 0- ( 4 - 2 3) 

First remark that 

E ■ [ai, &,-]a f &j := - E : [fy, a^fy := E : [bj, ai]bjai :, 

*ii i,j ij 

where the second equality follows from (12.21) since 

/ [a lX b j }d\ = T((a i ,b J )\0))=0. 

J-T 

Now, since [a$, bj] e p, using the invariance of the form we get the following 
relation: 

E '■ [aub^a-bj : = 2j([a*, bj), h) : b k a^j : = 

i,j i,j,k 

E : h([bj, b k ], a^aibj := E : b k [bj, b k ]J)j : . 

Finally 

E : 5 *PJA : = E : iMJM : • ( 4 - 24 ) 
Indeed by (Q and (Q 

E : ^ : 6 *1 A ::= E :: 6 ^<A : 5 i := E : ^ b j) a : bibj ■■ 

j,k ij ij 

(here we use several times that ([bi, bj] a , b k ) = 0.) The upshot is that (I4.23|) 
simplifies to 

G g G a E : bJ> > : • E : M^M ■ +\ E : MJ,M : • (4.25) 

i ij ij 
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Now we look at the r.h.s. of Using (Q and (jOll we have 



i 






= y-.k 

i 


: — ^ > \b;, a,-la, : i 

1 2 / / L li 313 

hi 


% : —hy :: [&,-, 6,1 6, : 

1 2 / L * ' 3 1 3 

hi 


i 


k : :: b j [b i ,b j ) a : 

hi 


hi 


= !>■' 

i 


hi 


:+i^2'.[bi,b j ]b i b j : 

hi 


= !>' 







* hi hi 

hence the desired equality (I4.22p . □ 

Note that formula (14.221) specializes to (14.51) when a = 0. 
Remark 4.1. Set 

G = -£k=, L = - - L a ) - - L% 

y/k + g k + g 

where L s is the image of L s (g) |0) in the isomorphism V k (g) ® F(q) = 
V k+g,i( R su P erj of p roposit i on ^ L s is defined in (E3D and L 1 is defined 
in (13.14p . A direct computation (cf. [1]) shows that G and L form a Neveu- 
Schwarz Lie conformal superalgebra 

NS = C[T]L + C[T]G + CC, 

[L X L] = (T + 2A)L + ^C, [L A G] = (T + ^A)G, [G X G] = 2L + y C 
with central charge 

C = \ dim(p) - £(1 - -rf~) dim(a 5 ). (4.26) 

Set = 0. Then (14.261) vanishes if and only if the pair (g, a) is symmetric, 
i.e. o is the algebra of fixed points of an involution of g. Indeed, if (g, a) 
is symmetric^ choosing a as the inyolutive automorphism that fixes o, then 
= 0°© 1//2 and a = 0°, p = g 1 ^ 2 . This implies that p a = p aa = p and 
that z(a s , a) = while z(q, cr) — Jq dim p. Substituting in (I4.2ip we find that 
C = in fl£2BD - 
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The reverse implication is a consequence of the "Symmetric Space The- 
orem" by Goddard, Nahm, Olive |2j. We can also derive it from our pre- 
vious discussion. Indeed choose a = I. Then the vanishing of the central 
charge together with the fact that F T (p) is a unitarizable representation of 
the Ramond Lie superalgebra implies the vanishing of G and L. In particular 
(G 5 , a )^ F ^ ] = 0. Writing G , a explicitly as in Lemma [4.51 

It is easy to check, using Wick's formula, that, if b, b' G p, then 

~l D : mj^ ; a 6] = -\ E : MP : 

and 

i 

This implies that, if we apply (G 0) a)o 8>F ® to 6r ^ ®ft^ C ®' F ® ■ (1 ® 1), then 
([b,b'] p ) r+s ■ (1 ® 1) = for any r, s. This in turns implies that [b,b'] p = 0, 
hence [p, p] C a. Therefore the pair (g, a) is symmetric. 

Let A be the element of Fjg defined setting A (d) = A (f)o) = and 
A (iT) = 1. Define also 5 e % setting 5(d) = 1 and 5{f) ) = 5(K) = 0. Set 
f)o = ()o © © Ci^^. Let 5 a be the analogous element of f)* defined by 
^(JCs) = for all S, 6 a (t) a ) = 0, 5 a (d a ) = 1. 

Extend (•, •) to all of P)q by setting (A Q ,8) = 1 and (A ,A ) = (6,5) = 
(5, f, ) = (A , f) ) = 0. Set 

Pa = Pa + 5-Ao, Paa = Paa + ^ ^ A ■ ( 4 ' 27 ) 

5 

Then, writing A = A + kA + A(d)S, we see that 

(A + 2p ff ,A) + 2(A; + (7)A(d) = ||A + p a \\ 2 - \\p a \\ 2 . (4.28) 

Consider the map (p a : f) © CftTg) © Cd a — > f) 

(p a {h) = hi£het) , p a (d a ) = d, <p a (K s ) = K for all S. (4.29) 

Since y? is onto, <p* a is an embedding of f)g into (f) © (5^ s Ofg) © Cd a )*. We 
can therefore view (-, •) as a bilinear form on <£>*(f)g). If /i G f)* we let po be 
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its extension to f) defined by setting /xo(f)p) — 0. In this way we can view f)* 
as a subspace of (f) © (Y,s CK s) ® Cc U*. 

In view of Lemma 13.51 we can define the action of d a on F T (p ) by letting 
it act as 

(L% - {z{q, a) - z{a, a) - ± dimp)/^. (4.30) 

With this normalization we have that d a - 1 = 0. The reason for this particular 
choice will be clear in Proposition 14.61 We can then let d a act on M ® F T (p) 
via d M ® I + I ® d T a . Given v G (f) n )*, we denote by (M ® F r (p)) v its v- 
weight space. If (M <8> -F~(p))^ 7^ 0, then u + p^e <p*(f)o) (indeed v + p aa = 
^((^1^)0 + (Pa CT )o + v(d)8 + (k + g)A )) and 

(V\t, a + VfiJ + 2(fc + Sf)l/(tZ B ) = ||" + P acr 1 1 2 - llPaaf- (4.31) 

If M is a highest weight module for L(g, a) set N' = M <g> -F r (p). In light of 
Lemma [4.51 we can consider the operator (G BiCI )q . 

Proposition 4.6. If v E (M ® F T (p)) u , n' • v — and p CT , p^ are as m 
fl4~2Tj) inen 



((G , X) 2 (^)=^(iiA+p.ir-ik+p o 



v. 



Proof. Clearly (G Sia )f ® Ip-^ = (G^ a )$,jo applying (|4.18|), Lemma 
Lemma [3.31 and using the fact that L® — L a = L p , we obtain that 

((G 5 X) 2 (v) = Q(A + 2p CT , A) + kz( d , a) + (k + g)A(d)^ v 
- (k + g)(d M ® J^ (f) + I M ® 

2p 0CT , + ^2{k + g- gs)z(a s , a) \ v 
-Je (^( k + ^) d[m Q~^2( k + 9 dim a s ^j v. 

By our normalization of the action of d a on M ® -F r (p) we have that 
(d M <g> J^ ( p) + J M ® (^ p )fi))W = + z(fl> ff) - «(a, a) - i dimp> 



1, 
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hence 



((G 3 X) 2 (v) = (J(A + 2p a , A) + kz( d , a) + (k + g)A(d) j v 
-{k + g){v{d a ) + z(q, a) - z{a, a) - ± dimp)v 



i ^ + |) dim S - + g - ^) dim a 5 j v 



thus 



((G X) 2 M = ~(I|A + pA 2 - P + /U> - 1(\\pA 2 - HpJI> 

2 ^ ~ ^ 12 2 ^( a S' <t)))v. 

5 

Applying Corollary 14.41 we get the result. □ 



5 Multiplets of representations 

5.1 Kostant's theorem on mutiplets in the twisted 
affine setting 

First of all we study F T (g) viewed as a L(g, <r)-module. The action of L(q, a) 
on F t (q) is obtained by letting P ® x act via 6 B (x)h\ where 9 s (x) = x — x = 

I Si : [^j^il^j : - m our framework this action corresponds to the pair 
(fl © S; fl) where g embeds diagonally in g © a and the automorphism of © g 
is a © a. 

Recall from [HI Prop. 6.3] that the choice of a set of positive roots for 
A induces the choice of a set of positive roots A + for L(g,a). Let II = 
{a , ■ ■ ■ , a n } denote the corresponding set of simple roots. 

Lemma 5.1. F T (g) is completely reducible as a t)o~module and the set of 
weights of F T (g) is p a — S where 

S ={A e fj* | A = n(a)a, where all but finitely many n(a) are zero 

QGA+ 

and each n(a>) < mult a}. (5.1) 
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Proof. Fix a basis {hi} of f) such that (hi,h n -.j + i) = 8y. Choose for any 
a E J)q a basis {x iQ ,} of g a . If 7 G — Aq , let y 7 be a root vector in g°. Fix any 
order in A and in the set {(i, a) \ g a 7^ 0, 1 < i < dimg a }. Then a basis of 
F r (g) is given by the set of vectors 

' ■ ■ (M[_i)(^yi)H) ' ' ' (^7JF-i)(^i/3i)0i) ' ' ' (^ft)[i t )( 1 ) ( 5 - 2 ) 

where [~ ] < ii < %i < ■ ■ ■ < i r < n, 71 < • • • < 7 S , j p < —\ for any p, 
and j x < ■ ■■ < ] t with (h p , P p ) < (h p+1 , P p+1 ) when j p = j p+1 . Moreover 

If he fjo, by (TO, [(9 B (h)y {0) ,(ay {n) } = ([M])[ n) - By Lemma E31 the 
vector in (15.21) is therefore a weight vector for f)o with weight 

i p 

By (14.301) the action of d is given by m — (-2(g) ") — 7£ dimg)/^-^) 
and, by (I3.15p . [(i-^m, (^)L)] = (n + Since d ■ 1 = we obtain 

that the vector in f 1 5 . 2 f) is an eigenvector for the action of d with eigenvalue 

Finally, by Lemma I3~4"t acts by 2g — g = g . Summarizing we have that 
the vector in (15.21) is a weight vector for f)o whose weight is 

p a + gA + Y^ H + ^2(Up + TjpS + Pj P ) =P*-V> 

i p 

with 77 = - J2i li ~ Yjpii.jp + \)& + Since (j p + \)5 + (3 jp can only occur 
dimg^ times in the sum, we have that r\ G S. □ 

Lemma 5.2. Choose a simple root a>i = Si5 + a« /or L(g, a) and Xi G gl§. • 
Then 

(G^\x l )\_ Si ^ ) (l) = Q. 

Proof. We start by computing [G 0j ( )OA Xj]. By (14. 4ft and skewsymmetry of the 
A-bracket, we have [G gA afj] = Xj. On the other hand, since f)o is commutative, 
G(, = Yj '■ hjhj :, where {hj} is an orthonormal basis of f)o- It follows from 
Wick's formula and skewsymmetry that [G(, 0A Xj] = Yj '■ \ x ii '■■ Thus 

t^S.^OA 3 '*] = X i ~ ^ ] : [ X ii ') 
3 
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or, by writing Xj = Xj + (xj — Xj), 

t j 

where, as usual, {y t } and {y*} are a pair of dual basis for 0. Choosing a 
suitable basis {y° l ' J } of p n we can assume that (yf ,r , yj a ~ r ) = We 
choose as basis of g the set (U ajtjr {?/"' r }) U {hj}. With this particular choice 
of basis we can write 

[G ,f>o\Xi\ = %i + \ Yl : Vt' r \yt a '~ r ■ ~\ : h 3l h i : ■ ( 5 - 3 ) 

a,t,r j 

Since a« is a real root we have that dimjj^. = 1, hence 

[ G s,f)ox W i\ = S i + 2 Yl : yt ,r }Vt a '~ r ■ ■ 



We have used the fact that : [xi,y[ a ' ]y 1 a " Sl := — : h ai Xi := : 
[xi,hj]hj :. In particular 

[(G B ,f, )o\ (^i)Jl Si _i)] = 2 : [^^H^~ Q '~ r • 

Since f) p = 0, by applying (I4.20p . we have that (G q^q' (1) = 0, thus we are 
left with showing that 

j£ e osw— );,,, «=»• 

Since [[xj, 2/r ,r ]A^^"' ^] = 0> we nave that 

Y^: [x7^r]yr a '" r :,*)=: ^(I^H, ^OT^, *) = • 

By expanding the r.h.s. of the previous equation and picking the coefficient 
of z Si ~ l we find that 

: J =2^^'^ ](- Si +r+§+n)(2/t )(-n-r-l-i) 

E, — —a,—r\"r 7 Q,ri T 

l^t J(- n -r-l-i)F«'^ J(- Sl +r+|+n)- 

n>0 
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If r 7^ 0, we can choose r G (—1,0) so (y t a ' r ) T , a . (1) = for n < 0, 

and [xj, y" ,r ]j-_ Si+r+ i +n )(l) = for n > 0. It follows that 

: [xi,y? r ]Vt a '~ r : ) ( _ s } (!) = - (yT a, '~ r )(_ r _i_i) ^'1 (- Si+r+ 1) (1) ■ 

Since (r + 1)5 + a is a positive root and a, is simple, we have that ei- 
ther [xi,y^ ,r ] = or (r + 1 — Sj)5 + a — «j is still positive. In both cases 

[»i,2/t° ,P ](-. i+ r+^)( 1 ) = °" 

It remains to deal with the case r = 0, i.e. a G Ao- If a G Aq then either 
[xj, yf'°] = or Sj = 0, otherwise — Sj5 + a — oii would be a positive root. In 

both cases [xi,y"' ](_ s . + i)(l) = 0. If a G — Aq then 



U/t ; ( _i)L»i,% J ( _ Si _i)- F*>% J ( _ Sj _i)l2/< ) ( _i) 

and(^ Q *°)[_i ) (l)=0. □ 
Lemma 5.3. 

o (An a ») = x 
(«i,«i) 

Proof. Suppose that a, = s^ + aj. Observe that (x_ s .)T G F T (p) and 

that this vector is annihilated by nL. From Lemma [5.21 and Proposition 14.61 
(applied with a = f) , M = C, A = 0) we deduce that ||pcr|| 2 = \ \u + Pfj 0(T || 2 , 
being the weight of (x_q.)T m • 1. 

Since f) is commutative, {h)^ a = h hence (h)^ — h = g (h). Observe that 
(x-a )J is • 1 is a vector of the form given in (15.21) . Thus, arguing as in 
Lemma [5.11 its weight is v — "p a — Si8 — aij. We therefore obtain 

Hp<tI| 2 = Hp^H 2 + I kill 2 - 2(p (7 a i ) - 2gs,i 

or 

2(p a , ad = (a f , Oi) - 2ps f . (5.4) 

It follows that 

2 (p g> Qi) = x 2^Si 2^ 



(ai,tti) (a i} a>i) (a», a») 

hence the result. □ 



37 



In the rest of this section we assume that a is an equal rank subalgebra 
of 0°. If a is a root of L(a, a), then a — kd a + a. Thus a = (p* a (k5 + a) (ip a is 
as in (14.291) ) and a root vector in L(a, a) for a is a root vector for kS + a in 
L(g, a). It follows that (y^) -1 maps the set of roots A(a) of L(a, a) into the 
set of roots A of L(g,a). For simplicity we identify A(a) and (<£>*) _1 (A (a)), 
thus viewing A(a) as a subset of A. Let W be the Weyl group of L(g,a) 
and let W a be the subgroup generated by the reflections s a with a G A (a). 
Denote by W the set of minimal right coset representatives of W a in W. 

If A e fjg is dominant and integral, we let L(A) denote the irreducible 
highest weight module for L(g, a) with highest weight A. We set A+ = 
A+ n A(a). If £ 6 (fj © (Es CK s) © Cd a )* is dominant and integral, denote 
by V(£) the irreducible L(a, cx)-module with highest weight £. 

The following result is a generalization of Theorem 16 in Landweber's 
paper [15], where the case a = I B is treated. 

Theorem 5.4. Assume that a° is an equal rank subalgebra of g° and that A 
is a dominant integral weight for L(g, a). Set X = L(A) ® F T (p). Then 

Ker (G e ,X = V(<p* a (w(A + %)) - p aa ). (5.5) 

Proof. Suppose that V(£) occurs in Ker ((G 0ia )^) 2 . Then £ = 7 + /3 where 7 
is a weight of F T (p) and (3 is a weight of £(A). By Lemma \5. 11 we know the 
form of the weights of F T (g). Since we are assuming that rank(a°) = rank($j°) 
the weights of F T (p) <g> 1 C F T (g) are also of this form. Hence we can write 
£ + Paa = <P* a (—v + P + Per) where v G S (cf. (15. ip ). By Proposition 14.61 we 
have that 1 1 — v + (3 + p<j| | 2 = | |A + p CT | | 2 . Lemma T5.3I tells us that fa is what 
is usually denoted by p for L(g,a). Hence we can use [HI Lemma 3.2.4] to 
deduce the existence of w G W such that £ = ip*(w(A + fa)) —p a(7 . We claim 
that w G H 7 ' and that for any w G W the corresponding submodule occurs 
with multiplicity one in Ker ((G s , a )o) 2 ■ The proof of all these statements 
can be done along the lines of Kostant's argument in the finite dimensional 
case, as extended to the affine case by Kumar in [T4"l Theorem 3.2.7]. There 
is only one difference with Kumar's setting: W a is a reflection subgroup 
of W and not, in general, a standard parabolic subgroup. But Kumar's 
proof relies on a description of W (see [T41 Exercise 1.3.E]) which holds in 
our weaker hypothesis too. This concludes the proof since, by Proposition 
19.21 below. (G S o)q is self-adjoint (in our hypothesis), hence Ker (G g )^ = 

Ker((G 9 X) 2 '- " ' □ 
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5.2 Applications 



We want to discuss in our setting some consequences of Theorem 15.41 which 
are the analogues of Theorems 4.17 and 4.24 of p2] in the finite dimen- 
sional case. As in the finite dimensional case, we name multiplet the set of 
L(a, cr)-modules occurring in the decomposition (15. 5p . As discussed in the 
Introduction, these were discovered in [3] (in the finite dimensional equal 
rank case), where it is shown that they possess remarkable properties. First, 
the Casimir element acts by the same scalar on all the representations in 
the multiplets. This fact has a direct analogue in the affine case. Indeed 
C(o) = (Lq) x + (k + g)d x can be considered as (one half of the) Casimir 
element for L(a,o~) acting on X = L(A) ® F T (p): this follows e.g. from the 
formula displayed in [HI Exercise 7.16], noting that in our context the central 
elements Ks specialize to the levels k + g — gs- We shall deduce the above 
remarkable property by a formula for the square of the Dirac operator acting 
on L(A) (g) F T (p), which holds in the framework of Section 4 (i.e., (g, a) a 
reductive pair, A any weight of L(g,a)). The following result is a twisted 
affine analog of [121 Theorem 2.13]. 

Proposition 5.5. Set N = M <S> F , where M is any level k highest weight 
module for L(g, a) and F = F T (p). Set C(g) = (L§) M + (k + g)d M , C(a) = 
(L$ N + (k + g)d%. Then 



C(o) + 



I At I 



I Pa 



C{k) 



(5.6) 



where c(k) = -kz(g, a) + J2s( k + 9 - 9s)z(a s , a) . 
Proof. Combine formulas (Qg]l . (ODjl . and (jOTjl . 



□ 



Corollary 5.6. Under the hypothesis of Theorem \5.4\ C(a) acts on all 
L(a, a)-modules V(ip* a (w(A + p a )) — p acr ) of the multiplet (15.51) by the scalar 



-(iia+^i 



\Po 



2 ) +^( k + 9 - 9s)z{a s ,o-) 



(5.7) 



Proof. By Theorem 15.41 and formula (15. 6p . C(a) acts as 

"1 ,. 



C(s) ®If + 



\pa\\ 2 - WPaaf) 



C(k) 



IN 



on the multiplet. Combine Lemma 13.31 and formula (14.281) to compute the 
action of C(g). □ 
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The second property discovered in [3] involves the dimensions of the rep- 
resentations in the multiplets. In the finite dimensional case the multiplets 
are canonically indexed by the set W of minimal length representatives of 
(right) cosets of the Weyl group of a (a reductive subalgebra of q of the same 
rank) in the Weyl group W of q. If we let V w denote the g- module indexed 
by w G W, then 



where £(■) is the length function on W. 

Obviously this result cannot hold true in the affine case for the represen- 
tations involved are infinite dimensional. However in Proposition 15.71 below 
we obtain an analog of ( 15. 8p involving the asymptotic dimensions of the 
representations V(ip* a (w(A + p a )) — p aa ) as defined in Ch. 13]. 

To prove this fact we need several preliminary considerations. Let V be 
a complex vector space endowed with a symmetric bilinear form ( , ). Fix 
a G 0(V) and assume that a is diagonalizable with modulus 1 eigenvalues. 
Suppose also that the set of cr-fixed points is even dimensional. Set V = VQ)C 
and extend ( , ) to V by setting (v, 1) = 0, (1, 1) = 1. Then so(V) embeds 
in so(V) and (so(V), so(V)) is a reductive pair. Indeed, for v G V define 
X v G so(V) by X v (w + c) = cv — (v, w). If we endow so(V) with the invariant 
form (X,Y) = \tr{XY), then we have that so(V)- 1 = {X,, | v G V}. Note 
that, if A G so{V) and v G V, then [A, X v ] = Xa( v )- Thus, identifying V 
with {X v | v G V}, we see that the adjoint action of so(V) on its orthogonal 
complement gets identified with the natural action of so(V) on V. 

Extend a to an automorphism of V by letting cr(l) = 1. Then aX v a^ = 
X a ( v ). Let V be the space V viewed as an odd space, and set r = —a. 
By applying our machinery to the reductive pair (so(V), so(V)) we can 
turn F T (V) into a L(so(V), Ad(a))-modvL\e. Let a G EndiV) be defined 
by &o( v ) — v i °"o(l) — — 1- Then the decomposition so(V) = so(V) © V 
is precisely the eigenspace decomposition of ctq. Since ctq = /, the pair 
(so(V), so(V)) is actually symmetric. As observed in Remark 14.11 we have 
that (G so ^ so ^)o acts trivially on L(V,r). Thus L(V,r) decomposes as 

a L(so(V), Ad(a))-modu\e as prescribed by Theorem 15.41 Hence we need 
to find the set of minimal right coset representatives of the Weyl group of 
L(so(V), Ad(a)) in the Weyl group of L(so(V), Ad(a))-modu\e. For this we 
need to distinguish two cases. Suppose first that deter = 1. It follows that 
Ad(a) is an automorphism of so(V) of inner type. Choose a Cartan sub- 
algebra f) S o(v) of so(V) which is fixed by Ad(a). Since deter = 1, dim(V) 
is even (recall that we are assuming that the set of cr-fixed vectors in V is 
even dimensional), hence i) so (v) is a Cartan subalgebra of so(V). Choose 




(5.8) 
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h E t) so( y) such that Ad(a) = e 2mad{ - h) . Let {p u . . . , p n } be a set of sim- 
ple roots for so(V). Let 9 be the corresponding highest root for so(V). 
Then we can assume that Pi(h) > i — 1, . . . ,n, 9(h) < 1. It follows that 
the map n5 + a ^ (n + a(h))5 + a is a bijection between the set of real 
roots of L(so(V),I) and the set of real roots of L(so(V), Ad(a)) that maps 
{5 — 9, Pi, ... , p n } to the set {«o, ■ ■ ■ , Oi n } of simple roots for L(so(V), Ad(a)) 
and the set {5 — 9, . . . , (3 n -i, sp n (P n -i)} of simple roots of L(so(V), I) 
to the set of simple roots of L(so(V), Ad(a)). Then the Weyl groups of 
L(so(V), Ad(a)) and L(so(V), Ad(a)) are isomorphic to the Weyl groups of 
L(so(V), I) and L(so(V), I), respectively, the index of the latter in the for- 
mer is two, and the set of minimal length coset representatives is {l,s an }. 
Note finally that, in this case, y? so (v) is the identity. Thus, according to 
Theorem 15.41 

F T (V) = V{p Ad {a) - Pso{V)M(v)) ® V ( S a n {PAd(a) ~ Pso(V),Ad(a) ) ) ■ (5-9) 

(see (13.61) . (I3.22f) for notation). Here we used the fact that s an {j> so {y)^Ad(a)) = 

Pso(V),Ad(a)- 

If instead det a = —1 then dim\^ is odd and Ad(a) is of inner type 
for so{V) but not for so(V). Let, as above, t) so (y) be a Cartan subalgebra 
of so(V) fixed pointwise by a. Then there is an element h of f) so (y) such 
that Ad(a) = Ad(ao)e 2mad ^ h \ Arguing as in the det a = 1 case, we find 
that the index of the Weyl group of L(so(V), Ad(a)) in the Weyl group of 
L(so(V), Ad(a)) equals the index of the Weyl group of L(so(V), I) in the 
Weyl group of L(so(V), Ad(ao)) and that the set of minimal length represen- 
tatives is {J, s ao }. Hence, in this case 

F T (V) = V{p A d{a) - Pso{V),Ad{a)) ® V ( s a (P Ad{a) ~ Pso{V),Ad{o))) ■ (5.10) 

On the algebra Cl(L(V ,f)) there is a unique involutive automorphism such 
that x t— > —x for x G L(V,a). Then, denoting by Cl(L(V, f )) ± the ±1 
eigenspace for this automorphism, we can write 

Cl(L(V, f )) = Cl(L(V, f ))+ © Cl(L(V, f ))-. 

Recall from § 13.21 that 

F f (V) = Cl(L(V,T))/Cl(L(V,f))L + (V,f). 

It follows that 

F f (V) = F f (V) + © F f (V)~, 
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where F f = Cl(L(V,f)) ± /(Cl{L{V 1 f))L + (V,f)nCl(L(V,f)) ± . More- 
over Cl(L(V,f)) + acts nat urally o n F f (V) ± . 

Set 9 so (y)(X) = \ : X(b i )b' 1 :, where {bi}, {b 1 } are bases of V dual 
to each other. We note that the action of X r G L(so(V), Ad(cr)) is given 
by (0 so (y)PO)r ■ It follows that F T (V) ± are stable under the action of 
L(so(V), Ad(a)). Thus, by the decompositions (15. 9p . (15.101) . we obtain that 
F T (V) ± are both irreducible L(so(V), Ai(cr))-modules whose highest weights 
are switched by an involution s of the Dynkin diagram of L(so(V), Ad(cr)). 

In particular, if a) is any reductive pair and a is an automorphism such 
that rank a = rankg , we can apply the above discussion to F T (p), turning it 
into a L(so(p), Ad(cr))-module. Note that we can see L'(a, a) as a subalgebra 
of L'(so(p), Ad(a)) by embedding a in so(p) via ad p and that the action of 
L'(a,a) on F T (p) is just the restriction of the action of L'(so(p), Ad(a)). 
Since, by Wick's formula, 

[9 S o(p)(X) x L p ] = —\6 so (v)(X), 

letting d so {y) act as (LP)q — (z(g, a) — z(a, a) — dimp)/, we can extend this 

action to L(so(p), Ad(a)) in such a way that the action of d so ^ equals the 
action of d a . 

Now we observe that in our setting the so-called "homogeneous Weyl- 
Kac" formula holds (recall that a is assumed to have the same rank of q). 
Indeed, in the (completed) representation ring of L(o, a), we have 

L(A) ® i^(p)+ - L(A) ® F f (p)- = (-lY iw) V(v*MA + %)) - p„). 

(5.11) 

This relation can be proved exactly as in the finite dimensional case (or affine 
a = I case, see [151 Theorem 4]), using Lemma |5~T1 to evaluate F T (p) + — 

Remark 5.1. If \l G f)* is dominant integral for A+ and w G W a , we set 

V(w(fx + p aiCr ) — p 0i0 .) = (— ly^V (p) . Then, with this definition, we can 
rewrite (15. lip as 

L(A)® -L(A)®F*(fl-= H^WA+Wl-W, 

xew a \w 

(5-12) 

where W a \W is any set of right coset representatives and w x is any element 
from the coset x. 
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Following 0, Ch. 13] or P (2.2.1)], we recall the asymptotics of the 
character of an integrable highest weight module V over the affine algebra 
L(a, a), where a is a simple or abelian Lie algebra. Recall that the series 

ch v (r,h) = tr v e 2m{ - Tda+h) 

converges to an analytic function of the complex variable r, if Imr > 0, for 
each h G f) a . The asymptotics of this function, as r j (i.e. r = it, t G 
M + , t — > 0), is as follows: 

ch v (r, h) « a(A)e^\ (5.13) 

where V = V(A) is a highest weight module with highest weight A, c(k) is 
the conformal anomaly (= Sugawara central charge, see P, (1.4.2)]), which 
depends only on the level k = A(K) of V, and 

o(A) = b(k) TT S in ^ A ^ Pa,a \ (5.14) 
«eR+ k + 9a 

Here b(k) is a positive constant, depending only on k (one can find in [H] 
a simple formula for b(k), which is unimportant for the present paper) and 
R + denotes the set of positive roots (resp. coroots) of a if L(a, a) is of type 
or (resp. all other types). Moreover, p a —\ ^2 & and g a is half 

of the value of the Casimir operator on a. 

s 

Now let a be a reductive Lie algebra and let a = a, be the decomposi- 

j=0 

tion of a in the direct sum of an abelian Lie algebra do and simple components 
a,, j > 1. Let V be an integrable L(a, cr)-module form the category O of level 
k = (ko, . . . , k s ) (i.e., Kj G L(dj, a) acts on V via the scalar k 3 ). Motivated 
by the above discussion, we define the asymptotic dimension of V by 

asdim(y) = lime i=0 ch v (r,h). (5.15) 

tJ.0 

If V is irreducible, then it is an outer tensor product of irreducible L(dj, o)- 
modules with highest weights A J of level kj, j = 0, . . . , s, and it follows from 
(l5~T3l that 

s 

asdim(y) = JJa(A- J ), 

3=1 

where a(A) is given by (15. 14ft . We stipulate that asdim(y) = 1 if s — 0, i.e. 
if a is abelian. 
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Remark 5.2. Note that the asymptotic dimension is a positive real number, 
which has all properties of the usual dimension. Namely, the asymptotic 
dimension of the tensor product of modules equals the product of asymptotic 
dimensions of the factors, and the asymptotic dimension of a finite direct 
sum of modules of the same level equals the sum of asymptotic dimensions 
of summands. In particular we can extend the asymptotic dimension by 
linearity to the subring of the representation ring of L(a, a) generated by the 
integrable highest weight modules. 

Note that W a has finite index in W iff a is a semisimple equal rank Lie 
subalgebra of 0°. To deal with the reductive case we need some preliminaries 
and more notation. Let M C f)o be the lattice which indexes the translations 
in the_Weyl group of L(g,cr) (see (SJ (6.5.8)]) and set M = of n M (recall 
that a[j is the center of a ). Let Po be the lattice in a(j dual to M and let 
L the lattice corresponding to M in ()q under the identification induced by 
the bilinear form. Let T^ = {t a \ a G L } be the set of translations by 
elements of L (see |8] (6.5.2)]). Let Wf in be a set of representatives for the 
right cosets of T Lo x W a in W. Note that in the semisimple case WL n is a 

set of right coset representatives for W a in W. 
Set 

K = (a°)* © CA°, = (fo n a sY © E CA o ' 

5>0 5>0 

so that any A G f)* can be uniquely written as A = A c + X ss + a5 a , A c G 
(}*, \ ss G P)* s , a G C. Set r = dim ajj. 

Proposition 5.7. If a is a reductive equal rank subalgebra of g° such that 
dp = SpancMo, then Wi in is finite and 

£ (-l^asdim^KMA + %)) - p m )) = 0. 

(here asdim(V(^*(t/;(A + p CT )) — Poo-)) is defined as in Remark \5Jfy . 

Proof. Let M a be the lattice which indexes the translations in the Weyl group 
of L(o, a). Since f) C a, rank(M © M ) = rank a = dim fj = rank M, hence 
Ti x W a has finite index in W. This proves the first claim. 

Let A^ be the highest weights of F T (p) ± and let s be the involution of 
the Dynkin diagram of L(so(p), Ad(a)) such that sA + = A - . Let h be an 
element in a Cartan subalgebra f) so (p) of so(p) such that d so ^) + h is the 
unique element of Cd + f) so (» suc h that 7(rf so (p) + /i) = 1 for any simple root 
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7 of L(so(p), Ad(a)). Let c/i ± be the character of F T (p) ± as L(so(p), Ad(a))- 
modules. Since s(d so ( P ) + h) — d so ^ + h we see that 

(ch + -ch~)(T, h) = 0. 

In particular we see that 

\im(ch + -chr)(r, h) = 0. 

rj.0 

This limit is independent of h, thus (ch + — ch~)(r, 0) ~ as r j, 0. Since 
d>so{p) ac ts as d a we get for the L(a, cr)-modules: 

(chL(A)<g>Fr(p)+ ~ ch L{A)( ^ F f {ft) - ) (r, 0) « 0, (5. 16) 

as r I 0. 

Define m w = u>(A + p CT )(d) and A" 1 = w(A + p CT ). Observe that, for a G L 
there exists constants ci,C2 such that i Q (A) = A + c\\{K)a — C2((X,K) + 
^\a\ 2 )5. Hence we have 

<p* a (t a A w ) = <p:(A w )c + Cl (k + g) a - c 2 (MA w ) c , a) + \\a\ 2 )5 a 
+ <fi* a (A w )ss + m w 5 a . 

Setting, for p G f)*, t a (p) = /i+Cx(k + g)a — C2((p, a) + ||a| 2 )<5 a , we can write 

t a (<^(A w )c)) 

c/i(l/(^* a (t a A-) - p^) = c/iy(y* a (A w ) ss + m> a - p m ), 

r) being the Dedekind ?7-function. 

Since Ti Wi in is a set of coset representatives for W a in W and observing 

that multiplying any element w G W by a translation does not change the 
parity of £(w), we can rewrite f)5.12p as 

ch(L(A) <g> F f (p)+) - c/i(L(A) <g> F f (p)-) = 
£ £ (-l)^Wm(^A-) - p„)) = 

E (-l^^chW)., - p aCT + m w 5 a )) 
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where 0(/x) = ^ e ta ^' . Hence, by the asympotics given in [TTT (2.4.3)] and 

aeLo 

( 15. 161) . we find that, taking the limit as r | 0, 

0= (-l)' H l^o|^(A: + ^)^asdim(^MA w ) ss + m u , ( 5 -p a(T ). 

Since, by definition, &sdim(V(ip* a (A w ) ss + m w 5 a - p w )) = asdim(V(ip* a (A w ) - 
Paa)), simplifying the constant we are done. □ 

Turning to the finite dimensional case, if o is an equal rank reductive 
subalgebra of a finite dimensional reductive Lie algebra q, then (15.81) can be 
extended to g-dimensions. If V is a finite dimensional representation of a 
and ch(V) is its character, then the g-dimension of V is 

dim 9 V = ch(V)(e r °), (5.17) 

where is an element of f) such that ot(r^) = 1 for any simple root a of 
o. Note that coincides with p^ (the half sum of the positive coroots of 
o) if a is semisimple. In this case formula (II. 2\\ gives an explicit expression 
for dim g V. For a general reductive a the element is not unique and the 
definition of g-dimension depends on this choice. We shall choose as in 
the following lemma. 

Lemma 5.8. Let q be a simple Lie algebra and let a be a reductive equal rank 
subalgebra of q. Let f) be a common Cartan subalgebra and let A (resp A a ) be 
the set of roots of Q (resp. a). Then there exists an element r £ f), for which 
a(r) = 1 for each simple root a of a and (3{r) 6 Z for some (3 £ A \ A a . 

Proof. Assume a is semisimple. Then we have to show that ct(p w a ) e Z for 
some a in A \ A a . Let ai, . . . , a n be a set of simple roots for A and let 
6 = Y^i=i a i a i be the highest root. Fix an index i , 1 < i < n; then the 
set {—9, a,, . . . , a io _i, ct io+ i, . . . , a n } is a set of simple roots of a semisimple 
subalgebra a l ° of q. It is a Theorem of Dynkin and Borel - de Siebenthal 
that any semisimple a can be obtained in this way by repeating the procedure 
several times, and the maximal (equal rank) subalgebras are exactly the a' 
with dj a prime number. We may assume that a = a* with aj prime. Then 
we have 

Pa(«io) = 1 - — » 

where h = 1 + Y^h=i a » ^ s ^ ne Coxeter number. Since a io always divides h if 
it is prime, we can take a = «j . 

If o is reductive, start from p^ + th with it G C and h in the center of a, 
and choose t is such a way that p y a + th is integer valued on some root in 
A \ A . ' □ 
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Now we can prove the following 

Proposition 5.9. Let L be a finite dimensional irreducible module with 
highest weight A over a reductive Lie algebra g. Let a be a reductive subalgebra 
of g, and r = r y a be as in Lemma UTR Let V w denote the irreducible a-module 
with highest weight w(X + p g ) — p a , where w G W and W is as in (II. ip . 
Then 

J2 (-~L) e{w) &m q V w = 0. (5.18) 

weW 

Proof. Let F + and F~ be the even and odd components of the spin repre- 
sentation of p. (Recall that, since a is equal rank in g, p is even dimensional). 
Then, by (HID, 

ch{L ® F + ) - ch{L ®F~)= {-^y (w) ch{V w ), 

weW 

hence, to prove our claim, we need only to check that 

(ch(F+) -ch{F~)){e r °) = 0. 

Let A be the set of roots of g and choose a positive set of roots A + for 
g. Then A is the disjoint union of A n and A p , where A a (resp. A p ) is the 
set of roots in A such that g a C a (resp. g Q C p). Let A+ = A + n A p 
and set p 1 * 1 = J2± ae/ \+ g a - If a G A p , choose x a G g^ in such a way that 
(x a ,xp) = b~ a -p- Define E a ^ G End(p) by E a) p(x 7 ) = 5 at7 xp. A Cartan 
subalgebra of so(p) is Fu(p) = Y^aeA+( E a,<* ~ E -<*,-<*)■ Define e a G (fj so (j>))* 
by € a (Ef3 tl 3 — E~p-p) = 5 at p. The so(p) character of F + — F~ is 

e^aeV 6 " Y[ (l-e" e «). 

The Cartan subalgebra f) of g is a Cartan subalgebra of a, hence it embeds in 
so(p) via ad\p. It follows that h G f) embeds as ^2 aeA + a(h)(E a ^ a — E_ a _ a ). 

In particular, to check that ch(F + — F~)(e r «) = 0, it is enough to find a 
root a G A p such that a(r^) = 0. This root can be found as follows. By 
Lemma [5.81 we have that a(r^) G Z for some a G A p . We may assume that 
a(r^) > 0. Then there is a simple root (3 in A+ such that (at,/3) > 0, hence 
a — (3 is a root. Since the pair is reductive [a, p] C p, hence a — [3 G A p . Now 
(a — 0){r£) = a(r^) — 1. If (a — P){t£) = we are done. Otherwise repeat 
the argument substituting a with a — (3. □ 
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6 Interlude: the very strange formula 



We want to show that formula (I4.2ip becomes the "very strange formula" 
(cf. [El (13.15.4)]) when a is an automorphism of order m (hence it affords 
a generalization of it, holding for infinite order automorphisms too). Let q 
be a simple finite dimensional Lie algebra and f) a Cartan subalgebra. Let 
LT = {r)x, • • • , r] n } be a set of simple roots for q, A + the associated subset of 
positive roots and p the corresponding half sum of positive roots. 

Proposition 6.1. Let «(•,•) denote the Killing form on q and a be an 

automorphism of order m of type (sq, si, . . . , s n ; 1) QB, Chapter 8]). Let 
Q = ®-j£i/mZ$ be the eigenspace decomposition with respect to a. Define 
X s E ff by k(X s , rji) = 1 < % < n. Then 

n(p- X s ,p- Xs) = - ^ ^2j(m - j)dimg J . (6.1) 

171 i=i 

Proof. Plug a = in formula (I4.2ip and choose «(-, ■) as invariant form on q. 
Then we have g = | and the r.h.s. of (14.211) becomes the r.h.s. of (16. ip . Let 
9 denote the highest root of A. We claim now that if we choose as simple 
roots in g° the set 



n 




if so = 0, 
otherwise. 



then X s = p — p a . To prove this we use the following fact, which is not 
difficult to prove: if we put /?o = ^8 — 9, Pi = ^6 + rji, then {/3 , • • • , Pn} is a 
set of simple roots for L(g,cr). Note that $ = rji] using (15.41) in our context 
we have 

K(r)i,r)i) K-(r]i,T]i) Si 



<P-P°^i) 2 2 ■ 2m 

as desired. □ 



7 Non-vanishing Dirac cohomology 

If M is a highest weight module of L(g, a) and N' = M <g> F T (p), the Dirac 
cohomology of the affine Dirac operator is 

H((G 5 X) = Ker(G s X/(Im(G s X n Ker(G s X)- (7-1) 

In this section we obtain a non-vanishing result for H((G B;a )^ ) similar to 
Theorem 3.15 of [33]. Although the general strategy is parallel to Kostant's 
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one, we obtain the crucial result (Lemma l7.ip using vertex algebra techniques. 
The setting is as in Section 4; in particular, when we consider the module 
L(A) <g) F T (p), the highest weight A is not assumed to be dominant integral. 
Note that if A is dominant integral we have already determined the cohomol- 
ogy: in this case N' = X = L(A) <g> F f (p) and H((G s , a )£) = Ker(G B>a )$. 
Indeed, by Proposition EH Im(G B ^ n Ker(G S:a )* = 0. 

Suppose that M is a highest weight module for L(q,o~). Recall that 
n'_ = n_ + J2 j<0 tj ® & j c Hb, a). We set n 7 - = t~$ ® nTTTp + J2 j<0 fi ~* ® 
&> n p C L(p,T). Set 

M = n'_M® F T {p) + M ® rt_F T (p). 

Lemma 7.1. 

{G^iM) c Al 
Proof. We need the following formulae: if x G then, in \/ fc+5,,1 (i? snper ), 

i 

while, if x G p, 

i 

These formulae are easily computed using Wick formula and the explicit form 
for Gg a given in Lemma S3) Using (13.21) , we deduce that, on M F T (p), we 
have, if x G 0, 

[x(n), (Gg,X'\ = Y '■ [x,bi}b l :[ n+ ij +nk(x p ) T {n _i ) (7.2) 

i 

and, if x G p, 

[%), = £ [n+i) + 2 Yl '■ & ' ( 7 - 3 ) 

i 

If we compute explicitly the normal order using (|3.4p . then 

: [ar,6<]F :[ n+ i } = ^ [x, ^(^(-r+n-i) 

i i,r 

Suppose now that v = (t n <g> ® w G .M with t n ® x G n'_. Then 

either n < or n = and x G n_. 
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Since v = X( n )( w ® u )i we have that 



(GftX (V) = -[Xj n) , (G 9 ,X }(V) + £(n)(G s ,X (V), 

so we need only to check that Ylir [ x ibi\( J )(J)) T ,_ r+n _^{w®u) e M. and that 
(xp)T _iAw <S>u) G M. This is obvious if n < 0. For n = then x p G n_ fl p 

(n 2 ; 

so ® x p G n'_. Moreover t r <g> [x, 6j] G n'_ if r < and t _r_ 2 ® F G n'_ 
if r > 0. It remains only to check the term r = 0. If 6j G n_ fl p © f) p then 

l — i 

[x, bi] G n_, while if 6, G n fl p then t~? ®i G n'_. 

Suppose now v = w®X( n )U with either n < —\ or n = —\ and x G n_ fl p. 
Arguing as above we need only to check that 

(£)[ n +i)(™ ® M ) + : ¥M P V :[„+!) 



or, equivalently, that jE, : fcA]„& : [ n+ i } H ^ n'_F r (p). 

Write u = (H™^ 1 ® • 1 with either < — \ or r, = — \ and G 
n fl p + t) p . . We introduce the following notation: if x G p, write 



2 

{b 1 } being dual bases of p. If y G p, by Wick formula, 



[V\l(x)] = [y,x] p , 

thus, if v! = (nvjn <g> y.) ■ 1, then 7^)[ n+ i)(w) = (y)( r )7^)[ n+ i)K) + 

([y, x ]p) T ir+n+ i)( u ')- Since [(!/)(r)>(a)[ s )] = if t s <g> a G n'_, we have that 
{JjY^M. C M.. Hence we are left with checking that ~f(x)T n+ iJu') G M.. By 
an obvious induction on m, we reduce ourselves to check that "f(xY n+ iJl) G 
M.. Computing explicitly the normal order and using the fact that, if {bi} is 
a basis of Q j fl p then J2i([ x > h], b l ) = if x G n_ fl p, we find that 

J2 : (¥M] P )V :[ n+|) = E(MJ P )( r ,(?)U 4) 

i i,r<n 

-E^)Un-I)(FAl P )M- 

i,r>n 



Thus = :[ n+ i) (1) = " Ei, r >n( b )[-H-n-±)«*> h ^U 1 )- ™e 

terms that are not obviously in Ai are those with n = r and b % G n fl p + f) p . 
But in this case [x, bj\ p G n fl p and we are done. □ 



50 



Corollary 7.2. Fix A G 1)5 and let M be a highest weight module for L(q, a) 
of highest weight A. Set N' = L(A) © F f (p). If (A + p a ) lf)p = t/*en 

Proof. From the explicit description of the basis of F T (p) given in Lemma lo~Tl 
we see that F T (p) = M © (v a © Clit~^ © f) p ) • 1). To conclude the proof we 
need only to show that (G 0iCI )q ' (v\®Cl(t~^ ©f) p ) • 1) = 0. For this, it suffices 
to show that 

with hi. chosen as in (15. 2\\ . We prove this by induction on r. If r = 0, 
then, by Proposition 14.31 and our assumption that (A + p a )\t) P = 0, we have 
(G 8 , a )o' ( v a (£> 1) = 0. If r > then, by the induction hypothesis and (17.31) . 

(G X(^)h)---(^.)[_|)K®i) = 

= (C h h%) + 7(^J(o))(^ 2 )[_i) • • • © i). 

Since ^(/i^ )a^] = [^n, ^] = for any h G f) p , we can rewrite the last formula 

as 

(G X(^ 1 )[_i)---(^)[_| ) K®i) = 

= A(/l il )(^ 2 )[_i ) • • • (/OJIi^a © 1) 

+ ■ • ■ (^J(Li)K © t(^ 1 )[o)(i))- 

But 7(^)(o)(l) = Po-(^) ' 1 ( see formula (18.341) further on) whence 
(G ft a)f(^x)J , _j ) -"(^)[_ i) K®l) = 

= (A + P(T )(/i n ) ((^ijjli) • • ■ (^)[_i)(^A © 1)) = 
by our assumption that (A + p a )\f) P — 0. □ 

8 An analogue of a conjecture of Vogan in 
affine setting 

8.1 The "Vogan conjecture" and its generalization 

Recall from the function Lp a : f) © £) s © Crf a and that, 

extending functionals by zero on f) p , we can view I)* as a subspace of (f)o © 
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CK S © Cd a )*. Recall that the complexified Tits cone of an affine algebra 
L(g, a) is the set 

C g = {A efft | ReX(K) > 0}. (8.1) 

If / is a function on C s we denote by the function on <p* a (C s ) fl f}* defined 
by /rjjg(A) = (/ o ((/}*)~ 1 )(A). Suppose that M is a highest weight module for 
L(g, a) with highest weight A G C . We already observed in §H]that, given 
v G (?„)* such that (M®F r (p))„ ^ 0, then v + p^e <p* a {C g ) so ffrjy + pj) 
makes sense. 

The following result is our affine analog of Vogan's conjecture. It appears, 
in a slightly different formulation, as Theorem 11.11 in the Introduction. In 
order to use Kac's results from [7j on the holomorphic center of a suitable 
completion of U(L(g,a)), we need a technical hypothesis on the pair (g, a) 
(which is satisfied in important cases, e.g. when o° is an equal rank subal- 
gebra of g° or the set of fixed points of a diagonalizable automorphism of 

0)- 

Theorem 8.1. Assume that the centralizer C(f) a ) o/f} a in g° equals I)q- Fix 
A G f)o such that A + p CT G C g and let M be a highest weight module for 
L(g, a) with highest weight A. Let f be a holomorphic W -invariant function 
on C g . Suppose that a highest weight L(a, a) -module Y of highest weight p, 
occurs in the Dirac cohomology H((G Sta )*') of N' = M ® F T (p). Then 

/|?.(/i + /3 w ) = /(A + p ff ). (8.2) 

Remark 8.1. Assume that a is an equal rank subalgebra of g° and that A is 
dominant integral. Then f)8.2p is a fairly trivial consequence of Theorem 15.41 
Indeed, in the integral dominant case, we have if ((G Sj0 )jf ) = fTer((G 0in )^ : ), 
and formula (15.51) tells us that the only weights appearing in the decompo- 
sition are precisely those in the orbit of A + p a . Since / is P^-invariant, the 
claim follows. 

The following sections are devoted to the proof of Theorem 18.11 
8.2 The basic setup 

Consider the algebra W = U(L'(q, a)) ® C7(L(g, r)) and its quotient algebra 
W k = W/W{K - k). We view L(g, a) © L(g, f) as a subspace of L'(g, cr)) © 
L(g, r) and identify it with its image in W fc . 

Assume that the centralizer of h n in g° is the Cartan subalgebra fjo- There- 
fore we can fix / G f) a such that the centralizer of f a in g° is f)o- We can choose 
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Aq so that a (f a ) > if a G Ag . Choose c G M such that ai(cd + f a ) > 
for all i. Set f a = cd + f a . With this choice, we have that if a G A + , then 

«(/a) > 0. 

We define a R-grading deg on L'(g,a) and on L(g,f) by setting, for 

deg(t r ® x) = deg(t r "^ <g> x) = (r<5 + a)(/ a ), deg (if) = (8.3) 

and write L'(g, a) = Q)jL'(g, a)j, L(g,f) = Q)jL(g,f)j for the corresponding 
decomposition into homogeneous components. 

We can extend deg to W thus defining a M-grading W = ®jWj. Since 
K — k is homogeneous, deg induces a M-grading on W fc that we again denote 
by deg. 

Observe that g r = ©^ef) a M,r where g^' r is the f) a -weight space of weight ji. 
Note that 0^' r is homogeneous with respect to deg and g^' r = a M,r ©p M ' r , where 

flM ,f = n a &nd p »,r = R p j t follo wS that L(a,(j), L(p,a), L{a,f), 

and L(p, f ) all inherit a grading deg from the grading deg on L(g, a), L(g : f ) 
and 

L(g, a)j = L(a, a), © L(p, a) j L(g,f) J = L(a,f) J ®L(p,f) r (8.4) 

Recall the triangular decompositions L'(g,a) = n'_ © f) © n' and -L(g,r) = 
n'_ © f) © rf- Set 

>V+ = c/( n ') ® C7(n') 
and observe that W + = W+. 

Let J 7 be the algebra of holomorphic functions on (fj^ © CS) x (fj* © CS a ). 
Observe that one can define a product on W © T by setting, for x e g r a , 
y G p^, z G a M ' F , and f,g e J 7 , 

f(t r ®x) = (t r © x)/ a+r5iQ|l)a+r5a , /(t r "5 <g> y) = (i r -3 <g, y)f ^ +r5a (8.5) 

and 

[(f r -*®*),/] = [/,<7] = [/,ff]=0, (8.6) 

where f a ,p{\ n) = /(A + a, + /?). We will refer to / a)( g as a translate of /. 
Since (1 © - k) C W(K - fc) © T the product on W © J 7 factors to 

define a product on W fc © JF. 

Set jo = and define recursively, for N G N, 

jiv = min(j > I ^ {0}). (8.7) 

To see that jjv is well defined we argue as follows: if x G Wj~ then x is a sum 
of products x 1 ■ ■ ■ x m with x l = t n © y % or a; 1 = t Ti ~^ © |f with y % G . Then 
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j = X(fa) where A = XX + 7*)- Since A = n % a % with rij G N and since 
Oii(fa) > 0, we see that, fixing R > 0, then the set {j < R | ^ {0}} is 
finite. This in turn implies that {j > Jn-i I VV/ 7^ {0}} has a minimum. 
If iV G N set 

F N = £ 

The set ® J r )(F N <g> J* 7 )}^ is, by PBW theorem, a fundamental sys- 
tem of neighborhoods of in W fc ® J 7 . Let (W fc )™ m be the corresponding 
completion. Set 

The product we just define d on W fc ( 3 can be extend ed to a product on 

W^-. Indeed, suppose that u G Wf (g> and to G VV* ® J 7 . Writing explicitly 
u, w as a sequence w n (g> /„ and w n ®g n , we now check that (u n (g> / n ) (u> n (g> g n ) 
converges (i.e. is a Cauchy sequence). We need to check that for each N there 
is p such that, if n, m > p then (w n (g> f n )(w n ® g n ) — (m™ (g> f m )(w m (g> # m ) G 
(W fe ® F)(F N <g> j* 7 ). Observe that 

(«" ® /„)(w n ® n ) - (M m ® / m )(w m ® m ) = (w n <g> / n - U m ® / m )(w n ® n ) 

+ (« m ® /m)(^ n ® C/n - W m <g> C/ m ). 

Since w is a Cauchy sequence, there is Ni such that, for n,m > N±, (w n <8> 
g n — w m <S> g m ) G (W fc (g> JF)(F Ar ® JF). Since m is a Cauchy sequence, there 
is N 2 such that, for n,m> N 2 , {u n ® f n -u m f m ) G (W fc <g> J r )(F M <g> J") 
with j'm > j'jv — J- By (I8.4p we have that 

(1 <g) ^(Wj 1 ) = Wf ® J 7 , (8.8) 

hence (u n ® / n - w m <g> / m )(w m ® Qm) G (W fc ® f)(F M ^ ® JF). By PBW 
theorem, F M W^ C £ r <o >V r fc W+ C W*^. Thus (u n <g> f n - u m <g> 

r+s>j N 

f m ){w m ®g m ) G (W /l ®.F)(F lJV <g)JF), for n,m > JV 2 . Setting p > max(JVi, JV 2 ) 
we are done. 

Note that ( 18. 8ft implies that defining deg(JF) = we can extend deg to a 
grading on by declaring deg(w) = j if m G W* <S> T . 

Assume that k + g > and choose A G P)q a weight of level fc. If M is a 
highest weight module for L(g, cr) of highest weight A, then N = M (g> F r (g) 
is a representation of W fc . Since, for any v G N, there is p > su ch th at 
F M ■ v = for M > p, we can extend the action of W fc to W fc ® 1 C W£. 

Lemma 8.2. Lei u G W fc ® 1 &e snc/i that, for any highest weight module M 
of level k and any v G N = M <S> F t (q) , relation u • v — holds. Then u = 0. 
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The proof is postponed to Section 19.31 

If r G K/Z and r G r, let ryk+g,i( R su P er^ be the e 27rir -eigenspace of r 
in ^fc+s.i^i**-). Set H = ^Lf 1} - Lf iy Since r fixes ^L - L 5 , the 
R/Z-grading induced on V Afc+9 ' 1 (-R SMper ) by r is compatible with if, i. e. we 
can write 

~yk+g ^j^super^ _ ryk+g,l ^j^super^ j^j 

AeK 

where , V fc+ «(i2«* er )[A] are the joint eigenspaces for r and H. If iV is a r- 
twisted representation of ^+3>i(i^«p^ and a G ry fe+s (ii! super )[A] then, for 
rGr-A, we set = a^ +A _ 1} . If a G F K fc+9 (i? super )[A] we set f a =f and 
A a = A. A a is called the conformal weight of a. 

Set a fa = e ad ^\ Asin§[SJ we can extend <jf a to an automorphism oj B of 
V k+9 ' 1 (R super ). If d G \Z fc +9' 1 (i? su P er ) is an eigenvector for cr/ with eigenvalue 
s we set deg(f ) = log(s). 

Since f a G fyo, cr/ commutes with r and clearly fixes -^^L s — L®, thus 
ryk+g ^super^^ j g S p annec l by elements that are homogeneous with respect 
to deg. 

Lemma 8.3. For any a G r V k+9 (R super )[A\ and r G r — A, there is a unique 
element a r G W k ® 1 such that, for any highest weight module M of level k 
and any v G iV = M <g> F t (q), 

N 

a r ■ v = a r ■ v. 

Moreover 

deg(a r ) = cr + deg(a). (8.9) 

Uniqueness follows at once from Lemma I8.2( the existence part of the 
proof as well as the proof of (18. 9p is found in Section 19.41 

Recall that, for x G a, 9(x) — ( 

Lemma 8.4. G P) a; we have 6(h) -(p a -p aa )(h) G W fc F 1 <g> 1. Moreover, 
ifD = L»- {z{g, a) - z{a, a) - ^ dimp)/ (c/. (jOOj) J tfien L> G VW 1 ® 1. 

Proof. Arguing as in the proof of Lemma T3.4[ if {x{\ is a basis of n and {x*} 
is the basis of n_ dual to {xi}, then 
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with u G W^-F 1 ® 1. We can choose root vectors for g°. Recall that 

we have chosen deg in such a way that deg(a;j) > and deg(xj) = if and 
only if Xi G n n C(P) ). Hence 

0(h) Q = [ h > x *]o(^)o + (p« - P*?)(h) + u' 

i:Xi&C{t) a ) 



with u' G W k F 1 ® 1. If a is a root that occurs in C(f) a ), then = 0. Thus 

0(/t) O = (p a ~ Paa)(h) + U 

as wished. 



In order to show that D G W k F 1 (g) 1, we first show that there is a 
constant d G C such that -D = d + u with u G W^F 1 (g) 1. Recall that, up 
to a constant, .D = Lq. Writing explicitly Lfj = — §X) : T(bj)b l :o, we see 
that 



D 

2 



\ ( E(E( r + ^(^-r - $> + ^ ■&)') ) + const. 

\ i r<Si r>Si / 



Choosing Sj G [0, 1) we see that 



D = -\ Wo) ) + M + const 



with m G W^-F 1 (g) 1. We can choose {6j | Si = 0} to be an orthonormal basis 
of p n 0° so, since ((6j)o) 2 = f , D = u + d with d Q G C and u G W k F 1 ® 1. 
To conclude the proof it is enough to recall that the normalization in (I4.30p 
was chosen precisely to obtain that D T -1 = 0, hence d = 0. □ 



We can define a linear map from f) x i) a xC(d—d a ) to Wjr by mapping h G 
f)o to h , h G f) to (/i) o, and d — to -D = Lq — (-2(0, a) — z(a, — dimp)/ 

(cf. g^UD). 

Remark that formula (O) says that, if a, 6 G V k+9 ' l {R super ), 
Hence, by Lemma 



K, &r] = Yl \ 8 + Aa 1 ) ( a (j) b )s+r- (8.11) 



i>0 
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In view of Lemma [3.51 and (18. lip , ho, (h) a0 and D commute with each other, 
hence we can extend the map defined above to an algebra map L : S(i)o x 
h xC(rf-rf a ))^V\5. 

Clearly we can look upon S(l) x f) a xC((2-d )) as a subset of T by setting 
h(X, fi) = X(h) for h G f)o, h(X,fi) = fi(h) for h G f) an d (d — d a )(A, /x) = 
A(g?) — fJ,(d a ). This embedding induces an algebra map i? : S([)q x f) a x C(d — 

<*„))- w£. 

Let X be the (two-sided) ideal in W£ generated by {L(f) — R(f) \ f G 
5'(f)o x f}a x C(d — rf ))}- We need to describe the ideal X more carefully. Note 
that the product in Wjr has been devised in such a way that, if x G Q r a , then 

x r (L(f) - R(f)) = (L(f') - R(f))x r (8.12) 

and 

x r (L(f) - R(f)) = (L(f') - R(f"))(x p ) r + (L(f) - R(f))(x a ) r (8.13) 

with /' and /" suitable translates of /. Moreover, if u G U(t)o) ®C7(f)o) 

[u,L(f)-R(f)} = 0. (8.14) 

Observe that fl8~T2l) and (ETT51) imply that, if u G W + , then u(L(f) - 
R(f) = EiWi) ~ R(fi))ui with Ul G W+. Since deg(L(/)) = deg(i2(/)) = 
0, if u G <g> J 7 , then 

u(L(f) - R(f)) = J2Wi) ~ R(fi))ui (8.15) 

i 

with UiE F N ® T. 

It follows that, if u G W£, then, for each iV 6 N, we can find u' G Wjr 
such that 

u{L{f) - R(f)) = u\L{f) - R{f)) + w 

with w G W|-(F 7V © J 7 ). Writing tt' = Y.i u i u t with ^ 7 G ^( n - © fa) ® 
C7(C) and uf G (1 <g> ^)^(n') ® C7(n' © f) ), then 

u(L(/) - J2(/)) = £ uTWt) - R{h))ut + w. 

% 

Observe finally that fl8~T2"|) . (KTT3j) . and (gH imply that X is the left ideal 
generated by {L(f) — R(f) \ f G 5 , (f) x t) a x C(d — d ) )}. Summarizing, we 
can conclude that, given u G X and iV G N, we can always write u as 

u = j>r wo - Rtfi))ut + w (8.i6) 

i 

with Mr g C/( n '_ © f) ) © C7(n'_), < G (1 © ^)C/(n') © CZ(n' © fjo), and 
io G W k p(F N ® T). 
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8.3 The main filtration 

Define 

A = W T jZ. 

By ( 18.91) . X is generated by homogeneous elements, hence we can define 
a grading 

where Aj = Wf ® Tj(Z n Wj" <g> JF). Set, for p G N 

^ = (yy* (F? ® .F) + j) /J. 

We use -[^.^j-pgpj as a fundamental system of neighborhoods of 0, and let 
jcom De correS p 0nc ii n g completion. Set 

3 = ©^). 

Similarly to what we did with W, the product on A can be extended to 

A. 

We now start the construction of a sort of PBW-basis for A. If {x 1 , x 2 , . . .}, 
{y 1 ,?/ 2 , . . .} are bases of n', n'_ respectively and / = {ii,i2, . . .} is a multi- 
index with a finite number of non zero elements, we set 

x 1 = {x i r{x 2 r--- , / = vp ■ • • ■ (8.i7) 

Here x 1 , y 1 are viewed as elements of the symmetric algebra of L(q, a). 

For / a multi-index with ij < 1 for all j and a finite number of non zero 
elements, set 

A 7 x = (x l ) h A {x 2 Y 2 ■■■ , A I y = (y l ) h A {y 2 ) i2 

Here A^, A 7 y are viewed as elements of the exterior algebra A(L(g, a)). 

Finally, fix a basis {h 1 } of f) . If I = dim(f) ) and 5* = (si, . . . , Sj) G N', we 
set h s = (h 1 ) 31 ■ ■ ■ {h l ) Sl and, if s t < 1 for all z, (A 5 /i) = (/i 1 ) 51 A ■ • • A (h l ) Sl . 
Here h s is an element of the symmetric algebra S(f)o) and A s h is an element 
of the exterior algebra Af)o- 

Clearly we can choose x % = t r <S> x with x G r and = t~ r <8> y with 
y G g _r . Moreover we can assume that x l ,y l are homogeneous with respect 
to deg and that deg(?/ 1 ) = — deg(x l ). If x J = t r <8> x with x G g r , then we set 

= x r and x J = x r . Similarly we define y\ yK We also set 7T = h Q , h % = h l . 
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For / a mult i- index with a finite number of non zero elements and S G 
W, define, as in flgTTj) . x 1 = (x 1 )' 1 (x?)* 3 • • ■ , y 1 = {y l ) h (y 2 ) i2 ■■■ h s = 
(h 1 ) 131 ■ ■ ■ (h l ) Sl . If ij < 1, similarly define x 1 , y 1 . If Sj < 1 for i = 1, . . . , I, set 

/i = (h ) Sl ■ ■ ■ (h ) Sl . Here x 7 , y 1 , ■ ■ ■ etc. are seen as elements of Wjt or of 
^4. Finally define 

deg(J) =5^ijd^g(a^), l J l = X/J- 

If w©/ G W£ and a®g G F N &J 7 , then, by the triangular decomposition, 
we can write w as a sum of terms of type u~u + with w~ G U {x\!_®§q)®CI{x\!_® 
fj ) and w+ G W+. Note also that, by (RT5|) . (1 © J zr )W + = W + ® J 7 , hence, 
by (18.81) . a © g G (1 © ^F 1 *. It follows that we can write (w © /)(a © (?) as a 
sum of terms of type u~ f'u + a + with w + G W + and a + G F . By applying 
PBW-theorem, we can write any element of Wjr(F N © J 7 ) as a sum of terms 
of type 

fy^fWx 11 ^ (8.18) 

with deg(H + K) > jj$ and / G T . Therefore the elements of Wj?(F N © J 7 ) 
are series ~Y^ =N u n with deg(w n ) bounded and u n a finite sum of monomials 
as in flUED with deg(if + K) > j n . 

Using the fact that h s = L(h s ), we see that an element of A p is a series 
Y^= P u n with deg(w n ) bounded and u n a finite sum 

Un= J2 v'tfl^H^X^lF. (8.19) 

I,L,T,H,K 
deg(H+K)>j n 

This writing is, however, not unique. To afford uniqueness we need to restrict 
the functions to a suitable subspace of (fjg © C5) x (f)* © C5 a ). Define 

C diag = {(A, A) G(f)S © C6) x (fj* © O a ), | 

(A + P a)(h) = (X + P aa)(h)y h e f)„ © Cd a }, 
Idiag = {/ G | /| Cdla9 = 0}. 

Define K p c 5(n' © n'_) © A(n' © n'_) as 

K p = Span (y T x H © A L y A K x \ deg(H + K) = j p ) 

(j p is defined in (18.71) ). 

The following Lemma gives a sort of PBW-theorem for A. 
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Lemma 8.5. The map 

y*x H ® A L y A K x ® / <g> A T h i-> y I y L fh T x H x K + A p+1 
extends to a linear onto map 



S : K P ®F® A(f)o) ^A p /A p+1 . (8.20) 

Moreover KerS = K p ® /^ag <8> A(f)o) 5 induces a linear isomorphism, 
still denoted by S, 



K p ® ^|c dia9 ® A(i)o) — ^M p+1 - (8-21) 
Proof. The first statement amounts to proving that the set 



{y I y L fh T S: H x K + A p+1 \ deg(H + K) = j p } 



spans A p /A p+1 , so assume that a + A p+1 G A p /A p+1 . We can assume that 
a G A p , hence a = Y^= P u n with u n as in (I8.19p . Thus 

a + >+i = Up + ^p+i = tftfi^T.u^i 11 ^ + ^FfT. 

i,l,t,h,k 

deg(H+Jf)=i P 

as desired. 

In order to prove the second statement suppose that 

a = J2y I y L f^L,T,H, K h T x H x H g aj^. 

Then a = limaj wit h Qj G A p+1 , hen ce, since a G A, we have that a G *4. p+1 . 
This says that a G (W^-(F p+1 <g> JF) + X)/X, hence we can write 

y I y L fi,L,T,H,Kh T x H x K = U + w' 



with w G X and «/ G W^(Fp +1 <g> JF). By (JHHSD we can write 



with M r G t/(n'_ ® f) ) <g> C7(n'_), w+ G (1 <g> F)U(n') <g> C7(n' © fj ), and 
to G W^-(-F p+1 ©JF). Writing -u^ as a linear combination of terms y l7 y L h s ', 

—T 

linear combination of terms /j/i x H x K and setting w" = w + w' we 
can write 

= ^y I y L h S {L{p I)L ^ T ,H,K,i) - R{Pl,L,S,T,H,K,i))fJl T X H X K + w" , 

(8.22) 
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with w" G W^{Fp +1 ®F). 

Since h s = L(h s ), by substituting h s (L(p) - R(p)) with L(h s p) - R(h s p)) 
— (L(h s ) — R(h s ))R(p), we can assume that S = 0, thus (18. 22ft simplifies to 

J2y I y L fi^T,H, K h T i H x K 

= »V(%WJf,s,<) - R{Pi,K,j,H,s,i))0x H x K + w". (8.23) 

Fix a basis {t>j} of f) a . By performing the affine change of variables 
(it, v , d — d a ) — > (u f , v', d — d a ), where 

it' = u if u G f)o, 

V ' = (-V,V,0) - (p a -Paa)(v) if V G f) a , 

and setting xo = — c? and x« = f • for i > 0, we can write a polynomial 
PeSffioxfi.xCfd-dJ) as 

p = p° + Y, XiPi ( 8 - 24 ) 

i 

with P°,Pi suitable polynomials and P° = P°(u' ,0,0) depending only on 
(u', 0, 0). By Lemma El Lfa) G WjrF 1 for all i. Hence 

L(P) = L(P°)+u> >0 
with w >0 G W^F 1 . We can therefore write that 

+ Y / fy L R(Pl,L,T,H,K,i)fih T X H X K . 

Let LHS denote the left hand side of the above equation and RHS the 
right hand side. Set p' = inf{g | j q = deg(H + K), pi tL ,T,H,K,i ^ 0}. If 
p' < p then LHS G W^(Fp'+ 1 ). Since RHS G W> we have that RHS G 
yVpF p +1 - If deg(iJ+i^) = jp', using PBW and comparing terms, we find that 
L(p° ILTHKj ) must be a constant. We can clearly assume this constant to 
be zero, obtaining that p® LT H K i = 0, or, equivalently, that R(pi,l,t,h,k,i) G 
I diag . Thus, if we set P = Pi,l,t,h,k,i in (I8.24|) we can write Pi, L ,T,H,K,i = 
XjPj with Pj suitable polynomials. Now remark that L(xjPj)—R(xjPj) = 



61 



(L(Pj) - R(Pj))L(xj) + (L(xj) - R(xj))R(Pj) and that L{ Xj ) G W^F\ so, 
if deg{H + K] )= j pl , 

tftW) - R{P))0x H = Y^yYiHxj) - R(xi))ffi5P 

j 

+ E 2/V^(£(P/,X,J,tf,S,i) - R(Pl,K,J,H,S,i))fih T X H . 

deg(H+K)>j p , 

Collecting terms, (18.231) gets rewritten as 

Yj 1 ^ fi,K,J,H,sh S x J x H 

= E E V^C^i) - RfaMpfiPz 11 (8.25) 

deg(J+_ft-)=j p , J 

+ E V 1 !** (L(pi,K t j t H,s,i) - R(Pi,K,j,H,s,i))9i~h S x J x H + w". 

deg(J+K)>j p/ 

Moreover degree considerations imply that we must have that 

5 

For j > write /j = + R(x )qj with Pj,^- G J? 7 and independent of 
R(x ). Then Ylj>o R (. x j)Pj = ® anc ^ /o = ~Yli>oR( x j) ( lj- Substituting, we 
find that 

J2(L( Xj ) - Il{r ,)).(> 

j 

= Y( L ( x j) ~ R(x j ))R(x )q j - ^2(L(x ) - R{x Q ))R{x j )q j 

j>0 j>0 
j>0 

= ^2( L ( x j) R ( x o) - L(x Q )R(x j ))q j + ^2(L(xj) - R(xj))pj 

j>0 j>0 

= ^2L(x )(L(xj) - Rixj^qj -^2L(x j )(L(x ) - R(x ))qj 

j>0 j>0 

+ E^') ~ R ( x o))Pr 

j>0 
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Since L(xj) G W^F 1 we obtain that (18.251) becomes 

= E E ff&M - R{^)) P -h s x J x H 

deg(J+K)=j p , j>0 



+ y^Wi^HAi) - R(p'l,K,J,H, S ,iMhx J X H + W". 

deg(J+K)>j p , 

Repeating the argument for all the variables Xj we can rewrite (18.251) as 
E // V\/,,,7,/..^ S r 'j" 

deg(J+K)>j pl 

We can therefore assume that p' > p. Again we deduce that RHS G Wjr-F p+1 . 

Comparing terms we find that, if deg(if + K) — j p , then R{pi > K,j,H,s,i) e 
7 diag and 

fl,K,J,H,S = 

E^ 

,K,J,H,S,i)fi G Idiag 

i 

as desired. □ 



We introduce an increasing filtration on A p /A p+1 by 
(Ap/M&) n = Span (h T y J y R fx H x K + Af^ \ \ J\ + \H \ < n) . (8.26) 
Note that the associated graded vector space is given by 

n 

where, setting K* = (S n (n' © n'_) © A(n' © n'_)) n if p , 



Gr n (^/^ p+1 ) = ${K © © Afjo)- 

Remark 8.2. Set J p = Span{lj J y I }i J x H x K \ deg(H + K) = j p ). Lemma IH31 
implies that an element u in the closure of Yl p J p can be written uniquely as 
a series Y^aLq u i with Ui G J*. In particular u G if and only if Wj = for 
i < p. 
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8.4 The basic complex 

Let d : A — > A be the superbracket operator d(a) = [(G , o )o, a]. Set 

~X nv = { a e A | [d a ,a\ = 0}. 

Lemma 8.6. 

1. A is d- stable. 

2. d 2 = on A . 

Proof. By (13.121) . [Lq, x r ] = — {k + g)rx r and [Lo,Ic r ] = 0. By the definition 
of the product in A and (13.101) we see that [Lq, /] = for / in T . On the 
other hand in ( 18. 5ft we set [d,x r ] = rx r , [d,x r ] = and [d, f] = for / in 
JF. Thus bracketing with d and Lq stabilizes the subalgebra of A generated 
by x r ,x r , f and if x is in this subalgebra, then = — + 9)[d,x\. By 

Lemma 18.51 this subalgebra is dense in A, hence 

[L s ,x] = -(k + g)[d,x] 

for all x e A. 

To prove the first statement it is enough to show that (G , a )o £ *4 
To check that [(G flitl )o, d a ] = we recall that d a = d + D, so [(G fl ,o)o, d a ] = 

[(^3,0)01 + ^q] = [(^B,a)o, _ fc+^0 + A)] = [(^6,0)0, -^(-^0 ~ ^0) + L o\- 

By (SUED, [(G , a ) o ,-^(4 -4 a ) + 4] = [(G ,a)o,-^(G , a ) 2 ] =0, (G , a ) 2 
being even. 

To prove the second statement, we first notice that d 2 (a) = [(Gr fl , a )o> a], 
(^0,0)0 being odd. Arguing as above, we see that, if a e ^4* [((j 8j0 )o) a ] = 
—(k + g)[d a , a] = 0. □ 

By (18.41) we can find a basis of p homogeneous w.r.t. deg. Then (I4.22p 
implies that (G , a )o has degree 0. It follows that [(G fl , a )o, A p ] C A p . Thus 

{{G s , a )o, Ap n ^ m "] c Ap n X 1 ". 



Set ^ = >n X"*". We can therefore define a differential 



d ■ A p IA P+ -> .4 P 

by 



^+^a x )=d(x)+^a; 1 . 
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By (|Oj) . [d , .Ap] C A p , hence we can define an action of d a on A p /A p+1 . 
If x G A. p /A. p+1 , let us write d a ■ x for this action. Using the isomorphism S 
we can lift this action to K p © F\c diag ® Afjo- In order to describe explicitly 
this action, set 

tip = n n p © ^2 * r ® (fl F n P)' < = nno©^f ®(/na). 

r>0 r>0 

Analogously define (n'_)p and (n'_) - Since [d , £ r ] = rx r for a; G g r , [c? a , x r ] = 

_ _ _ — t 

rx r for x G $j r fl p, [d a , x r ] = for x G r fl a, and [d , fh]= 0, we see 
that d acts on K p © T\c iiag <S> Af)o as the derivation on S^n' © n'_) such that 
g?„ ■ (f © x) = r(t r © x) and as the even derivation on A(n p © (n'_) p ) such that 
d a ■ (t r © x) = r(t r © x). Moreover d a acts trivially on A(n' a © (u'_) a ) and on 

By (18.41) . we can choose the basis {x*} as the union of a basis of n' p with 
a basis of n' a . Likewise, the basis {y 1 } can be chosen as the union of bases 
of (n'_) p and (n'_) Q . With this choice of bases, it is clear that the monomials 
y I x J ® A H yA K x are eigenvectors for the action of d a . In particular the action 
of d a is semisimple. We can therefore write K p = ® S K P ' S where K p,s denotes 
the s-eigenspace of K p under the action of d a . Let (A p / A p+1 )i nv be the (in- 
invariant subspace of AP/A P+1 . By construction (A^/A p+1 ) inv = S(K P '° © 
J* 7 © Af) )- On the other hand A p nv /A p ^ embeds in (A^/A p+1 ) inv . Moreover, 
if y ! x J © A H y A K x © / © A T h G K p >° © T © Af) , the n, cle arly, y J y H f\i x J x K 

commutes with d a , hence the embedding of A p inv /A p ^ in (A p / A p+1 )i nv is 
onto. In particular we have an isomorphism 

S : K** © T\ Ciiag ® Af) - J^-JACJ. (8.27) 
Since d a ■ S n (W © n'_) C S n (W © n'_) we can write K p ' r = ® n K p ' r , where 

K P,r = RP ,r n R p get = (^L/^g 1 ) □ (^MF% SO the 

isomorphism in (I8.27P gives an isomorphism 

© m < n (i^° © T\ Cdiag © Af) ) - (^L/^n- 

Setting Gr n (^/^lf+ 1 ) = (A p in J A p ^) n / {A p n J A p ^) n -i, the map 5 in- 
duces an isomorphism 

S : K p n ° © © Af) ) - Gr^^L/^ 1 ), (8.28) 

and, setting Gr((A P nv / A P ^)) = (B n Gr n (A P nv / A p ^) , an isomorphism 

S : if* © {F ]Cdiag © Af) ) - Gr(^/^). (8.29) 
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By the decompositions n' = n p © n' a , n'_ = (n'_) p © (tt-)aj we nave 

S(W © n'_) = S(n' p © (n'_) p ) © S« © (n'_) ), 
A(n' © n'_) = A(n' p © (n'_)„) © A« © (n'_) ). 

Set 

K p = K p n (S(n' p © (n'_) p ) © A(n' p © (n'_) p )), 
K p = K p n (S(n' a © (n'_) a ) © A« © (n'_) a )), 

and define K p > s , K$> s , (K p ' s ) a , (K p ' s ) p analogously. Since d a ■ K p C K p and 
d a ■ Kp C Kp , we can write 

K p ' s = ( Rr,a )p © C^ 6 )* (8-30) 

r+t=p 

Let d p _, d p+ be the Koszul differentials on ^((n'.),,) © A(n'_) p and S(n' p ) © 
Arip respectively. Consider the complex C u = S((n'_) p ) © A'"(n'_) p © S((n'_) a ) 
endowed with the Koszul differential d p _ ©/ (denoted for for shortness <9 P _ in 
the following) and the complex D" = (S'(n p )©A l, (n p ))©A ((n'_) a © K © *)o) © 
T\c diag ©^((^Oa) endowed with the "signed" Koszul differential <9 P +™ defined 
as d p+ © © I © / © / on (S(n' p ) © A v (n' p )) © A j ((n'_) a © f)o) © An' a © 

jr |C*« B ®' S, (( n ')a)- This endows 5(n'©n'_)©A(n , ©n , _)©J !r | Cdm9 ©A{)o = C©L> 
with the differential d p _ ©(9 p ^ n . By Kiinneth formula this differential is exact 
except in degree zero and 

H (C © D) = S(n' a © (tO«) © A« © (n'_) ) © T\ Cdiag © Afj . 

Since K p © T\c iiag © Af) and -K^' 5 © F\c iiag © Af) are subcomplexes of 
S(n' © n'_) © A(n' © n'_) © ^|c dm9 © Afj , the differential d p _ © d s p ^ n restricts 
to differentials on K p © T\o Aiag © Af} , K p ' s © ^|c dio © Af) , which we denote 
by d p , d PjS respectively. Since S(n' © n'_) © A(n' © n'_) © F\c diag © Af) = 
® p>s {K p,s © ^Cdia © Af)o), we have that d P)S is exact except in degree zero 
and, by f[8~3TJD . 

H (d p>s ) = K p / ® T\ Cdiag © Af) . (8.31) 
Lemma 8.7. M^e /iove 

[(MoJle^ (8-32) 
^et /i Tj = \iq ■ ■ ■ h*Q ■ ■ ■ }iq . Then, if h tj G f) p for each j, 

[(G 3 , a )o,h T ] = Yli-iyfto J rPa{h t ^))h Ti +u. (8.33) 
j 

with u & A 1 . 
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Proof. The first relation is proven via a direct computation. 

We write (G 0i(I )o explicitly using f)4.22p and (13. 4p . The cubic term turns 
out to be 

too 
^j\p Sl +s :j -h-J >l -s i -k--J jj -s :j +h+k+2~ 
h,k=0 

oo 

[bi,bj] Ps . +s ._ h _J) j _ S]+h _ k+1 b_ s . +k ) + (^-si-fc-l^-aj— ft+fc+lP'*' ^']pai+8j+/i 

-^4A + S i+1) , J) + 3 E s Ho' 

i 

Hence the bracket of / with the cubic term is 0. Let us now consider the 
quadratic term. This turns out to be 

i h&L 

If deg(bi Si+h ) > then, since deg(/) = 0, deg([f, bt Si+h }) > 0. ^fol- 
lows that [f,(b t ) s ^ h bl Si+h ] = [f,(b t ) Si . h }bl Si+h + (b t ) s ^fX St+h ] e^ 1 - If 
deg(bi Si+h ) < then deg((&i) a ._ h ) > 0, hence deg([/, (6*)^)]) > and 

[L (&j) Si -^: si+ J = SU+fcl/, + [/,^ +fc ](6i)^-fc G ^- Finally, if 

deg(6 l _ s . +?i ) = 0, then, since we are assuming that the centralizer of f) a in 

q° is f)o, we have that {bi) s ._ h G f)o and b l L s . +h G f)o- Thus, in this case 

[/, (fcik-^+J = 0. 

For the second equality we can argue by induction on |T|, the result being 
obvious if |T| = 0. To deal with the case \T\ > 0, recall that for x G p, we 
write 7(x) = ~ ^ : [x, &i] p &* :. Then, by (17. 3p . we have 

[(G ftB )o J T ] = (/$ + 7(^)o)(^o 2 " " -hi) + (t'm^oX 2 ■ ■ 
so, by the induction hypothesis, we need only to check that 7(/i)(o) = Pa{h) 
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mod A 1 . We have 

7(*)o = -\ Efio(Si f )o - ^ E( s * + ^ &4 ) ( 8 - 34 ) 

i i 
6i€n_np i 

^(-E(M^) + E 0--2si){[h,*i],J)) 

= (^(- E^] + E (i-2^)K*i)) 

= p a {h). 

□ 

Lemma 8.8. TTie differential d p ma ps {A p inv /A p ^) n to (A P nv /A p ^) n+1 and 
the induced differential on Gr(A P nv / A p ^) is d p0 (under the identification 

{Emj- 

Proof. Fix p G N. It suffices to prove that, if z + A p+1 = S(z') with z' G K?® 
F\c diag ® Afjo, then [(G B , n )o, *] +^ TT = <S(dp(Q) +w wit h w G (^ /^+ T ) n . 

Note that, if w G W£, we can find U\ G W£ and u 2 G Wjr-FP +1 such that 
uw = u\w + «2- This is easily checked using (18.81) . 

For n G N, let Wjr(p,n) be the span of monomials y I y J h fh T x H x K , 
with deg(# + K) > j p and |/| + \H\ < n. Set also W£(n) = W£(0,n). 
The ordinary PBW theorem for W combined with (I8.5p shows that, if u\ G 
W|(m) and deg(# + iT) > j p , then 

Ul (tfy J h s fh T x H x K ) G W£(p,m+ |J| + l#D- 
Moreover, if deg(ui) = j qi , deg(H 1 + H 2 + K\ + i^) = jq 2 , then 

y V^ 5 : fh T x Hl x Kl Ul x H2 x K2 G W£(gi + g 2 , m + |#i| + \H 2 \ + |/|). 
We now apply the above observations to the computation of 

[(GJ ,f¥/^] 
with deg(iJ + K) = j p and + 1 1\ = n. Clearly 

[(g ,^/^¥] = [(G g , a ) ,y / ]y J AVx K + 

y 7 [(G fl , a ) ,/]AV^ + (-l)l J lyV[(G , a ) o , /I T ]x^+ 
+ (-l) |J|+l W^ T [(G , o )o,^ + (-1)I j '+IWaV[(G s >,^]. 
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By the above observations, applying formula 07.2p . we find that 

[(G s , a ) ,y I ]y J fh T x H x K and y ! y J fh T [(G s , a ) , x H ]x K G Vt£(p, n) + VVp^ 1 , 
while Lemma 18.71 implies that 

yYUG^, fh T ]x H x K e w£(p, n) + 

It follows that 

[(G 8|fl )o,^¥/SV^] j/'[(G ftB ) ,F 7 ]/fcV3:*+ 
(-l)l J l + l T lyV^V[(G , a ) o ,x K ] +^ mod (J&/A^) n . 

Writing explicitly x K = x ni ■ ■ ■ x nt and y 3 = y™ 1 ■ ■ ■ y" 11 we set x Ki = 
af-i . . . x n i . . . 3j"t anc i ^ — y-mi . . . yrii . . . ym t _ ^he a b OV e observations im- 
ply, by (]7.3j) and the fact that [(G 0iO )o, a] = if a e o, that 

[(G g , a ) , yYf^xV) +JJ^= {-Wy mi y Jl fh T ~x H x K 

i:y m i£(n'_) v 

+ (-ll'^'^W/^^'+F 1 mod (^/^+ T ) n 

as wished. □ 

We also need the following (possibly known) fact. It can be proved either 
generalizing Lemmas 4.3, 4.4 in p] to the series case, or extending (as we do in 
Section I9.5P the standard homotopy argument which proves the exactness of 
the Koszul complex. Let £(zi, . . . , z n ) denote the algebra of entire functions 
in n complex variables z±, . . . , z n . Let £ be an odd variable and set & = z^. 

Lemma 8.9. Fix /i 6 C. Consider the complex 

B? = £{ Zl ,...,z n )® A p (£i,...,£n) 

endowed with the Koszul differential 

v 

^(/®eiA-Ag = ^(-i)^-^(M)/®eiA-A^A---A^. (8.35) 

k=i 

Then Hj(R') = for j > 0. Moreover, given f G £(zi, . . . ,z n ), then f = 
f(ho) + d ho (g) with g G R 1 . 



69 



If a;- 7 = x r with x G a r , then we set x{ = (x) ar and 9{x^) = 6(x) r {6 
is as in (I3.18P ). For a multi-index J = j 2 , . . . ) we set x J a = x^x^ 
We define y£ and y„ similarly. We shall need the following technical lemma, 
whose proof is in Section 19.61 

Lemma 8.10. 

If deg(H + K) = j p and \ J + H\ = n then 

fy J Jh T ~x H a x K = fy J fh T x H x K + u 
with ueAP andu + Ap +1 G (Ap/Ap +1 ) 

V / 71—1 

The main use we will make of Lemma 18.101 is highlighted in the following 
Corollary. 

Corollary 8.11. Ifa = p®f®K r h with p G / G {T\ Cdiag ® Af) p ) ; 

and A T h G Af) a then 

d p (S(a)) = S(p <gi 9_ (Pct) , (/) ® A T /i) + J p (<;) + v' 



with v,v' G (A P nv /A p inv ) n -i. (See (|8.35|) /or £/ie definition ofd- (p<y) ^). 

>j-i g 

Proof. Write explicitly S(a) as a sum of terms of type y I y J fh h x H x K + 
Ap +1 with / G F\c diag , A T /i G Afjp, and A s h G Af) n . Then, by Lemma EHO, 



we have that y I y J fh h x H x K + *4. p+1 = y I y J a fh x^x K + A p+1 + t>, with 
f G (^4 p /^4 p+1 ) n _i. If x G a then [<i a , (x) ar ] = r(x) or , hence we have that 

[darfyifh x^x K ] = 0, thus v G [A p nv j A!£v)n-i- Hence d p («S(a)) is a sum 

of terms of type y 7 y^ [(G 0ia )o, fh }h x^x K + A p+1 + d p (v). By Lemma EH] we 

obtain that d p (S(a)) is a sum of terms of type y 1 y^d-ip^ {fh )h x^x K + 

A p+1 + d p (v). Applying Lemma [8.101 again, we find that d p (S(a)) is a sum 

of terms of type y I y J 'cL^)^ (fh )h x x + A p+1 + d p (v) + v', with v, v' G 

i-^Hnv/^inv )n-l- ^ 

Let J-'a be the set of holomorphic functions on f)* © C5 a viewed as a 
subset of T. Consider the subalgebra A(a) of A generated by {a r ,a r \ a G 
o} U T a . Set A p (a) = A p n .4(a) and A p inv (a) = A? (a) n X™ Notice that 
[(C? fllB ) o ,^(a)] = 0. 



Proposition 8.12. The embedding A p nv (a) — > A p nv induces an isomorphism 



A p nv (a)/A p + V \a) ~ fT(<y. (8.36) 
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Proof. We will show by induction on n that, if x G Kerd p fl (A P nv / A P ^) n , 
then there is a G A p nv (a) / A p + X (a) and b G Aj^/A^ 1 such that x = a+d p (b). 

We set (^4 p /^4 p+1 )_i = {0} so the result is obvious for n = —1. If n > 
we have that 

a; = S(ui) + x', 



with m 4 G K p '° (g) J-| Cdias <g> Afjo and x' G K/^^-i. By Lemma ES 

dpO&) = Si 5 (^,o(wj)) + x" with x" G (A p inv /A P ^)n so, since d p (x) = 0, 

£^(fiU«*)) e MLACV Since 9 p , (n 4 ) G ^ ® ^ Cdia9 ® f)o, we 
have that d Pt0 (ui) = 0. By (I8.3ip . we have that u; t = at + dp^vQ with 
a, G K^®T\ Cdiag ®^ a anduj G © m <„^ ®^|c dias ® Afj . Set V = £5^). 
It follows that 

i p (b') = x;s(m*0) + b" = j>k) + b " - E 5 ^) 



with b" G {A\J A v ^l) n - X . Hence x = £<S(a;) + cf p (&') + u with u G 

(An.»/Am) )n— 1- 

It follows that, if we write explicitly = ^2 T Pi (8> /y <8> A T /i with G 
(^°) a , /* G ^| C<Hob (8) Af) p , A T /i G Afj fl , then, by Corollary EH 



with v,v' G 

Since d p (x) = we see that d p (tt) = — d p (£«S(ai)), so 

J^Sfe ® cL (/v)| ^ Ut) ® A r /i) = ^(-v -u)- v'. 



Since -v - u e {A p inv / A p ^) n -i, by Lemma ES1 - u) = Y.S( x i) + u ' 

with x, G £r +s = P i^ ® (K s n ® ^| Cdiag ® J)o and u' G (^/> +1 )n-i, 

m>0 

thus, comparing terms, we find 

Using Lemma 18.91 we can find G ^|c dja <8> Af) p such that (/£) = F\. + 
9 -(*0i,, Here, if # = El ® A l /Tg T\ Cdiag ® M) p , is the holo- 
morphic function on C^ ag defined, for A G f)! and // = // + £<5 G fy* © O n , 

by 
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Hence, by Corollary 18.111 

^ 5(ai) = S< ^ )i ® F t® ATfl ) + dp(%2 S (Pi ®9t® ^ T h) +w)+w' 

with w,w' G (A p nv /A p ^ v ) n -i. Let F % T G JF a be the function defined by 
f t{v) = /t,o(7 i + ^ + P<™ _ P*,^)- Since (F^)|c djas = f t we obtain that 
E«5(ai) = J2S(pi®T T ® A T h) + d p (J2S(Pi®g l T ® A T h)+w)+w'. Writing 
explicitly S(pi <S> ~F% ® A T /i) as a sum of terms of type y I y J Fl r h x H x K + 
^4 P+1 we can apply Lemma 18.101 and write S(pi (g> F % T ® A T h) as a sum 
of terms y 1 y J a T T h T x*x K + + y with y G (^4^/^lf+ 1 ) ri _i. The fi- 

nal outcome is that ^<S(aj) = a' + + 2/ with a' G w4f rit) (a)/^4f„ f u 1 (a), 
z ' e (^LM^n-i, hence 

x = a' + <fp(&' + z) + m + z'. 

Since G? p (:r) = we see that + z') = 0, so, by the induction hypothesis, 

there_is a" G and 6'" G (^AO such that u + z' = 

a" + d p (b'"), therefore, setting a = a' + a" and b = b' + z + 6'" we have that 
x = a + d p (b). 

We now prove by induction on n, that, if a G (A p nv (a) / A p ^ (a)) fl Imd p 

and a G (^4f„,t,/^f r ^ 1 )n then a = 0. First of all observe that A(a) is the 
closure of the algebra generated by (x) ar ,x r , f with x G a' r and / G JF Q . By 
applying the PBW theorem to L'(a, a) ® Cl(L(a, r) we can write a as a sum 

of terms of type y J y J a fh x^x K + A p+1 . By Lemma [8.101 we can assume that 
deg(K + H) = p and | J+H\ < n. Suppose now that a = d p {u). We will show 

that u G {A p nv j 'A^v)n-2 thus, by the induction hypothesis, a = 0. So assume 

that u G Y.S{xi)+u' with Xi G ^ ®^ Qjos ®Af)o and m' G (4/^) ra 4. 

Then, a = Z)<S(<9 p ,o(zi)) + v + d p (u') with u G {A p inv / A^) m - 

Since, by Lemma ESI d P ,o(zi) G J2r+s= P K r a ® ( K p n ® ^|c dm9 ® Af) , 

m>0 

and, by Lemma 18.101 a = J2^( a i) + a> w ^h cij G (if£'°) a ® F\c diag ® Af) 
and a' G (^4f ntI /^4f f ^, 1 ) n _i, by comparing terms, we deduce that, if m > n— 1, 
then £? P) o(xi) = 0. 

Since <9 Pi o is exact except in degree 0, we see that x« = o! i + <9 p ,o(2/j) with 
aj G >| Cdio9 ® Af) and Vl G x <g> ® Afj - Setting^ = E«%0 

we have that d p (y) = J2 s ( x i) ~ + V r wit h y' G {A p in J A P ^) m -i : 

hence u = d p (y) — y' + ^2S(a' i ) + u'. Substituting u with w — d p (y) and it' 
with vl — y', we can assume that 

u = Y,S{a' i )+u\ (8.37) 



72 



with<e(^ ) a ®^| Cdia9 ®A()o. 

Setting a'i = ^2 T Pi ® ® A T /i T and applying Corollary 18.111 we obtain 
that 

3p(u) = ^ Sfe (g) d- Mi (#) ® A T /i) + d p (v') + v" 



with t>',t>" G («A? H ,/.4^ B )m-i- Since rf p (u) = a, comparing terms we deduce 
that 9_( Po .)| 6 (/y) G (^ r a)|c dia9 ; this means that it is a function on C^ ag that 
does not depend from A G t) p . On the other hand, since cL( P£r ). (/y) i 



is 



a boundary, it is zero when computed in — (p a )\t) P hence cL( p<r ) |e {fj) = 0. 

Arguing as in the first part of the proof, we obtain that J2^( a 'i) = a ' '+d p (z) + 

z' with a' e(4MMj(a)) and z' G (^/^?V-i. Since d p (a') = 
we find that d p (u — d p (z) —a') = a, hence, in light of (18.371) . we can substitute 

u with z' + u' and assume u G {A p inv J A^ v ) m -i- Repeating the argument we 
can assume m < n — 1 and conclude the proof. □ 

We now come to the main reduction. 



Corollary 8.13. The embedding Ai nv (a) — ► Al™ induces an isomorphism 



Ai nv (a) ~ H(d). 



Proof. Fix x £ A such that d(x) = 0. Then do(x + A\ nv ) = 0, so, by 
(JS35P, z + = a + ^ + d (i; + ]aTJ. That is x = a + d(v°) + u 1 



"tod 



with a G .Aim, (tt), f G ^4 , and u 1 G ^" ni) . Since d(o°) = we see that 
dfu 1 ) = 0, hence, arguing as above, we can write u 1 = a 1 + d(V) + u 2 , 
with a 1 G Aj nv (a), v 1 G ./4| nt „ and u 2 G .4f nt ,. Substituting we find that 
x = a° + a 1 + d(v° + v 1 ) + u 2 . An obvious induction shows then that for any 
n we can find a n ,v n , u n+l such that a n G Af nv (a), v n G ~A^ V , and M n+1 G 
and 

n n 

.x = ^a i + d(^^)+M n+1 . 

j=0 i=0 

Since lim, a* = linij v % = linij = 0, setting a = X^So a * anc ^ 11 = Si=o u *> we 
have 

x = a + d(v). 



Suppose now that a G Ai nv (a) is such that a G Imd. Then a + Aj nv G 
Imdo, hence, by ( 18.361) . a G A\ nv . Repeating this argument we find that 
a G A% nv for any p, thus a = 0. □ 
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8.5 The final step 



We need to recall the main results of [?]. Let C C f)g be the degeneracy 
locus of the Shapovalov form. Let $ be the set of complex-valued functions 
on I)q \ C. In [7] it is proven that there exists a natural algebra structure 
on U$ = U(L(q, cr)) <8>jy({j ) 5 and on a completion Roughly speaking, U$ 
consists of suitable series jU I( Pljx j , with y I ,x J monomials in negative 
and positive root vectors with respect to a triangular decomposition of L(jj, a) 
and ipi t j G Recall that C s denotes the Tits cone of L(g, a) (see (18. ip ). 

Proposition 8.14. Let Z$ denote the center ofU$. 

1. Given ip G $ there exists a unique element z v = jD 1 <Pi,jx j G Z$ 
such that 9?o,o — L P- 

2. The "Harish- Chandra" map H : Z$ — ► ^,H(z v ) = ip is an algebra 
isomorphism. 

3. Let ip E $ a function which can be extended to an holomorphic function 
on —f) a + C s . Let y?_p CT be the holomorphic function on C 8 defined by 
<^_p CT (A) = ip(X — p a ). If ' ip-p a is W -invariant, then z v can be extended 
to an holomorphic element (i.e. z v = Y^i jU Ii Pi,j xJ with all the ipi t j 
holomorphic on —p a + C s ). 

Let $hoi be the subalgebra of $ of the functions that can be extended to 
holomorphic functions on -p a + C s . Set U$ hol = U(L(q, a)) ® 5( ^ o) $hoi C U s . 
Note that the embedding 

U(L'(g, a)) ® dhoi C U(L(g, a)) ® $ hol 

induces an algebra isomorphism 

U{L'{Q,a))® s%) $ hol ~Uz hol . (8.38) 

As in Section IH73"l if we choose a basis {x*} of n' and a basis {y 1 } of n'_, 
and I is a multi-index, we use the notation x 1 , y 1 to denote the corresponding 
monomials. Assume that x % and y l are root vectors of L(q, a) and let 7$ be 
the root corresponding to x l . Clearly we can assume that — 7« is the root 
corresponding to y l . If J = (zi, i 2 , . . . ), let ht(I) = ^ . ijht(jj). Consider the 

subalgebra [/£ of U$ whose elements are series ^2 y I 4>ijx J with 0^ j G $hoi 
and ^i fo 7ft = J^jhjh- 
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If G dhoh let G T be defined by 



U{X,fi)=<f){kA + X). (8.39) 

Then the mapping x®(j) \— > xf^ defines an algebra map from U(L'(g, cr))®$hoi 
to A. Note that the map pushes down to define, thanks to the isomorphism 



(18.381) . a map 

fi : U, hoI - A (8.40) 
We claim that Q can be extended to a map 

J] : ui , -»• A 

Indeed, recall from the beginning of § 18.21 that (Xi(f a ) > for all simple 
roots ctj. Set C = inf (at$(/ a )). Then, if A = Y^i n i a h n i e we have 
J2i n i a i(fa) > C Yj% n i- Thus deg(x J ) > C ht(J), hence the series ^ y I (fii,jx J 
converges in A. 

Recall that given a level k highest weight module M for L(g, a), then an 
action of U$ on M is defined in [7j. Moreover M ® -F r (g) decomposes as a 
direct sum of weight spaces both for f) and f} . Since the actions of f)o and 
f) commute, we can write 

M®F ¥ (g) = (M®F^(I)) (AiAt) . 

Then, if (M ® F^g))^^ ^ {0}, we have that A = A;A + A + xd and 
/x = J2 s (k + <7 — 9s)Aq + ~p + yS a with /Z G f)*. We can therefore define 
an action of T on M £g> -F T (g) by setting f ■ v — /(A + x5, /I + ?/5 )i> for 
■u G (M (g) F T (0))(A iA t). We can then extend this action to A. Observe that 
for any v G M,w G F T (p) and z G t/J hrf 

n(z)(u®tu) = (zv) ®w. (8.41) 



We finally come to the main result of this section. 

Proof of Theorem \8.1[ Let / be as in the statement and let <fi be the holo- 
morphic function on —p a + C s defined by 0(A) = /(A + p a ). Extend (f> to 
an element of $hoi- By part [3] of Proposition 18.141 we get the existence of a 
central element z<j> of U$ such that z<p G E/£ and z^-v = f(A + p a )v for any 
v G M. Moreover, z^ = (fi + ^2 Iz £ j^ y I 4>i,jx J ■ It follows that Q(z^) = f^ + x 

(cf. (I8.39P ) with x G A] nv . Recall that we are viewing T a as a subset of T. 
Let $ G F a be the function defined in p, — ~p, + x5 a , by 

$(/i) = 0(/cA o + /Z + £<5 + p aa - p a ). 
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By Lemma [EH there is /' G T\c iiaB ® Af) p such that (U)\ Cdiag = fo + 
®-(p*)\\, v (/') wli ere f is the function on C diag defined, for A G f)*, (jl G (}*, by 

/o(A+jU+/w-(Ar)[f) /i+a;5 Q ) = U(p+Pa a -Pa+x5, p+x5 a ) = ®(p+x5 a ). 

Hence / = $| Cdm9 - 

According to Lemma IHT[ in ^l /^. 1 , ^(cL^)^ (/')) = d (S(f')) hence we 

can write U + Aj^= fo + A [ + d {S(f )). Thus /^+^ = $ + ^ + rf H 
with w G ^4° TO /^4i TO - Since £l(z,p) + ^4j TO = /</, + ./4j w , we have that Q(^) = 
$ + d(z) + with G .4^. Since z^ is central, [(G 0iO ) o , = 0, 

hence d(0(^) — $ — d(z)) = 0. It follows that d(z\) = 0. According to 
Corollary 18.131 there is a G Aj nv (a) such that z\ = a + d(y), hence, setting 
u = y + z 

= $ + a + d(u). 

Suppose now that a highest weight L(a, <r)-module Y of highest weight /i = 

a occurs in the Dirac cohomology H((G Sta )Q ) of 
N' = M <g> -F r (p) and that v is an highest vector for Y. Since a G >4| nt) (a), 
by Lemma [8.101 a • v = 0, hence, by (18.411) 

= f(A + p a )v = $(ji)v. 

hence /(A + p a ) = $(//) = (p(kA + ~p + y5 + p aa — p a ). Finally observe that 
(j)(kA + p+y5+p aa -p a ) = f((k+g)A + p+y5+p aa ) = /((^"V+Par)) = 
ffc(p + pj)- □ 

9 Proofs of technical results 
9.1 Evaluation of [G gx G g ] 

Let G G \/ A; +s. 1 ^ su P er ) be the affine Dirac operator defined in (14.ip : write for 
shortness G instead of G fl . We want to calculate [GaG] by using expression 
( 14.51) . We assume that g is reductive. We let g = J2s&s be ^ ne eigenspace 
decomposition of g with respect to the Casimir operator Cas of g and let 
2gs be the eigenvalue relative to g^. 

We proceed in steps. First of all we fix an orthonormal basis {xf } of Qs 
and choose {xi} = Us{xf} as orthonormal basis of g. If a G Qs, 

[a\G] = y*]:[a, x^x,-, : +A : (k + g - g s )a :, (9.1) 
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and 

[G x a] = - : [o, xj^i : +A : (k + a - g s )a : + : (k + g - g s )T(a) :, (9.2) 

i 



[G\ : aa :] = — : [a, Xj\xia : + : aa : 



A 2 

+ : (k + g - g s )T(a)a : + + # - g s ){a, a). (9.3) 

Formula (19. ip is checked directly whereas ( 19.21) follows from ( 19.11) by the 
sesquilinearity of the A-bracket. Finally, ( 19. 3p follows from (19. 2p using the 
Wick formula (|23]h 

[a A : 66 :] = (a, 6)6 (9.4) 
[: 66 : A a] = (a, 6)6 (9.5) 
[: aa :\: be :] = (a, 6) : ac : —(a, c) : ab : (9.6) 

[: aa : A : 6cd :] = (a, 6) : acd : —(a, c) : 6ad : +(a, d) : 6ca : (9.7) 
= (a, 6) : acd : —(a, c) : abd : +(a, d) : abc : (9.8) 

In checking all the formulas one uses the Wick formula ( 12.51) . Moreover, ( 19. 4ft 
follows from( l2.9]) . ( 19. 5p follows from ( 19.41) by sesquilinearity. Formula ( 19. 6p 
is checked similarly. Finally one proves (19.71) combining (19.51) and ()9.6p . The 
equality between (19. 7p and (19. 8p follows from 12.31 and relations : ab :=: 6a : 
and : abc :=: bac :. From (19.81) it follows also that 

«a :a: fch, x fc ]x h x fc :] = -3^ : a[a, jc/Jx/i : (9.9) 

h,k h 

In turn (E3D and (EE} imply 

J^[G A : :] = : [x u x^XiTj : + ^ : (k + g — g s )T(xf)xf : 

i i,j i,S 

A 2 

+ : x l x i : +^y(fc + 5(-5( 5 )dimg 5 . (9.10) 

i s 

XiXi : A : x k ]x h x k :] = -3 ^ : Xi[x. h x k ]x k : . (9.11) 

i,h,k i,k 
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We start now computing J2i,j,h,k[ : [xi,Xj]xiXj -x- [xh,x k ]x h x k :]. We have 

J^[a A : [xi, XjlxiXj :] = -3 : [a, a^x* : . (9.12) 



: A a] = -3^ : [a, Zj]^ : . (9.13) 
3o A :pJi i: ] = 2M- (9-14) 

i 

Y^[- ¥M x i -x b] = 2p. (9.15) 

Hence 

^ ^ [• [Xj, Xj\XiXj .\. [Xfi, Xk\XfiXk •] 
i,j',fe,fe 

= 3 ^ ^ [:: [[x/j, Xfc], Xi]xi : XhX k : ^ ^ ■ [x/i,£fc][: [xi, Xj]xiXj \\: XhX k '■] 

i,h,k i,j,h,k 
-A 



~ 3 / [ ; Xfc ]' V X/lXfc 



3 ^ ^ •• [[%hi x k \, Xj\xi '. XhXk '■ ~l~3 ^ ^ : : : x k '■ 

i,h,k i,h,k 

3 ^ ^ • [xht x k ]xh[x k , Xi]xi : 



i,h,k 

rX 



~ / : fch'^Ht 1 [xi,Xj\xiXj : A x^^Xk] : dp (9.16) 

i,j,h,k 

/>A />A 

/ [■ [[x h ,x k },x h }x k : [:x h [[x h ,Xk],x k ]: dfi 

h,k Jo h,k Jo 

-3V] / / [[: [[a^Xfc],^]^ : M Xh]„x fc :]cW^ (9.17) 

Using the relation J2hi x h, x k} • [xh,Xj] = J2h[[ x 3> x h], x k] • x h for any bilinear 
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product •, we can rewrite (I9.17P as 

— 3 ^ ^ [[%hj x k\i '■ x^x k '■ ~t~3 ^ : [[xi, x^}, x k ] : x^Xi : x k : 

i,h,k i,h,k 



3^ : [x h , [xi, x k ]}x h x k Xi : +6^y : [x h , x k ] [x h , x k ] : dfx 

i,h,k i,h,k ^ 

6 / : t Xfc ' t Xfc ' x h\ ■ dfi - : i X k, x h] [ x h, x k] ■ dfi 

Kk Jo Kk Jo 



X 2 

+ 12y ^£ S dim0 S 
Since : aa : = (by (12.21) ) we get 

3 ^ •• [[^C/i; -Z-i] • XfoXfo . -\~3 ^ ■ \\Xi, Xfi]j X k ~\ . XfoXi . x k . 
i,h,k i,h,k 
^2 

- 3 ^ '■ l x h> i x i' x k]} x h x k x i ■ + 12 y ^2 9sdirriQ S . 

i,h,k S 

By (£31 and fl23D we find 



^2 [[ x h, x k), x i) x i ■ x h x k ■= ^2 : [[ x h, x k), x i) x i x h x k :-8^2g s : T(: 
hence 

^ ^ • x h\j x k\ • XfiXi . X k . ^ ^ • [[Xi, Xfi] , Xfc] . XjXfi . X k ., 



Kb" 



and therefore 



^ ^ • [[ x iy x h\i x k\ • XfoXi . X k . 
i,h,k 

- ^2 '■ [[ x h x h), x k) x i x h x k ■ +^^2 9s -T( 



xf)xf : 



i,h,k S,i 

Upon substituting we find 

- 3^2 '■ [[ x h, x k] -3 22 : [[ x i, x h], x k] 

X%X]iX k . 

i,h,k i,h,k 

- 3 22 '■ i x h, [ x h x k }]x h x k Xi : +36 2J 9s ■ T(xf)xf : + 12 y 2j 9sdimQ S 

i,h,k i,S S 
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By the Jacobi identity we find 



^2 [: [xi,Xj]xiXj :\\ [x h ,x k ]x h x k :] = 36^2g s : T(xf )xf : +A 2 ^ -^dimQ S - 

i,j,h,k S,i S 

Hence 

[GaG] = ^2[G\ ■ XiXi :] - i J^[G A : [xi,Xj\xiXj :] 

= 5^[ Ga : ^ ; ] ~ g S : ^ :a: [ x h,x k }x h x k :] 

3g ^ ^ [• -A- [Xhi XkjXhXk .], 

i,j,h,k 

which in turn gives 

[G X G] = J2 ■ :+J2 : ( k + 9- 9s)T(xf)xf : 

i,j S,i 
A 2 

+ ^ '■ %i x i '■ + V ^2( k + 9 -9s) dimfls 
i 1 s 



or 



Since 



2 

i,k 

+ X> : T(xf)xf : +y E f dim Ss 

S,i S 



[G\G] = ^ '■ [xi,Xj]xiXj : +(k + g)^2- T(xi)xi : 

i i,k 

■ [xi,Xj\xiXj :=-^2:£i[x 



we finally get 
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Proposition 9.1. 

[G X G] = ^ '■ '■ +( k + 9)^2- T(xi)xi : +y + g- ^) dimg s . 

i i S 

(9.18) 

9.2 (G &) a)o ls selfadjoint 

Assume that g is semisimple. If {ctj} is the set of simple roots of f (g, a), let 
()k be the real span of { ,__, } C h . Set t = ihu and let 6 be a compact 
form of g. By Exercise 8 of Chapter VI of [3], we can assume that 6 is 
cr-invariant and that to C t. Denote by conj the conjugation in g w.r.t. 6: 
conj(x + iy) = x — iy, x,y G t, and let u> be the antilinear antiautomorphism 
of g defined by Uq(x) = —conj(x). Extend ujq to an antiautomorphism of 
L(Q, a) by 

W (X( r )) = (w (z))(_ r ), w (iO = ^> w (d) = d. 
If a, is a simple root of f (g, cr), with = Si5+a i} choose X{ G g Si ng„ 4 in such 

2h— 

a way that [x u u (xi)} = t=-=t- Set e; = t Sl ®x u fa = uj (ei), so that [e;, /»] = 

= t=t=t + J? S L . K. With this choice of Chevalley generators for L(g, a), 

co>o is the unique antilinear antiautomorphism of L(g, a) which exchanges the 
e,i with the fi and which is the identity when restricted to fju = span^a/). 
Recall that a f (g, cr)-module M is called unitarizable if there is a positive 
definite hermitian form if (•, •) on M such that H(x -v,w) = H(v, ujq(x) ■ w). 
Theorem 11.7 of [H] asserts that L(A) is unitarizable if and only if A is 
dominant integral. 

Recall that we are assuming that g G R + hence (-, •) is negative definite 
on 6. Thus we can define a positive definite hermitian form if (■, •) on g by 
the formula 

H(x,y) = (x,u (y)). (9.19) 
Define a positive definite hermitian form if (•, •) on f (g, r) by 

H(x (r) ,y (s) ) = 5 r>s H(x,y). 

We can extend this form on the Clifford module F t (q) by setting 

H(x 1 ■ ■ ■ x n - 1, y x • ■ -y m - 1) = 6 n>m det(H (x i} %•)) 

where it is again positive definite. A standard calculation shows that, if x G g 
and v,w G F r (fl) 

if (»( r _i)«, «0 = H(v, (ujoix))^!^). 
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Suppose that M is a unitarizable L(g, <j)-module. On N = M ®F T (g) we 
can consider the form {-, •} = H (-, ■) (g) ■). Straightforward calculations 
show that for v , w G M <g> F t (q) 

XiXi :) T ^v,w} = {v,22(: u (xi)uo(xi) ■ w} 

i i 

= { V >J^0 XiXi 0(1) " W }' 
i 

and similarly for the cubic term of (G b )q. In particular, if A is dominant in- 
tegral, then {G 9 )q is self-adjoint with respect to a Hermitian positive definite 
form on L(A) <g> F T (g) . For the general case of G s ^ a it suffices to apply the 
argument to (G a )^ acting on A^ = (L(A) (g> F T (p)) ® -F T (a) and to note that 
L(A) ® F T (p) is unitarizable since, as shown in § 15.21 F T (p) is the restriction 
to L(a,o~) of a unitarizable representation of L(so(p), Ad(a)). Summing up 

Proposition 9.2. The action o/(G 0ia )^' on N' = L(A)®F T (p) is self-adjoint 
with respect to the positive definite Hermitian form { , }. Consequently, 

Ker(G 9 ,X' = Ker((G s X) 2 - 



9.3 Proof of Lemma 18^1 

If A G — Po- + C s is a weight of level k, let M(A) be the Verma module of 
highest weight A. Let (•, -)a be the Shapovalov form on M(A) and uo the 
Chevalley involution of L(q,ct). Choose p G f)g such that p(ct{) = 1 for all 
i. We assume furthermore that 2(A + p + 7, a) 7^ n(a, a) for all n > 0, 7 
in the root lattice of L(g,a), and a G A + . With this assumption we have 
that (•, -)a is nondegenerate (see e.g. [H Lemma 1]). It follows that, for each 
p = Yl n i a i with Hi G N there is a basis {y^} of U(vi'_)-ij, such that {y^f a} is 
an orthonormal basis of M(A)a_^. Here and in the following we use boldface 
letters to make clear that we are dealing with polynomials and multi-indexes. 
Set = Ld(yV)- Note that x^yj -f a G M(A)a-^. In particular, 

ht(ri)=ht(f)-ht(n) 

if ht(p) = htiy), we have that x^y^ • v\ G Cv\. Since (x^y^ • v\,v\)\ = 
(yi • va, yji • v a) a = S u ^5 itj , we see that 

x ^yi • v a = $v,^i,jV A . (9.20) 

Fix a basis {hi} of l)o such that (hi, h n -j + i) = 5ij and set 

n n 
f)o = span(hi \ i < [~\), f)o = span(hi \ i > \-~\ + 1). 
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Note that f) = f)o © f)o ® E witn dim£ < 1. Set g + = f) ffin' and g~ = © 
n'_. If s e N, set CZftp^s = (g ± ) s c CZ(g). Note that C7(g + ) s C7(g~) r • 1 G 
© < < r _ s C/(g _ ) i ■ 1. Moreover it is easy to construct a basis {u ls } of C7(g + ) s 
and a basis {vJ s } of C7(g~) s such that 

u is v js • 1 = 8ij. (9.21) 

Suppose that u G © 1 is such that 

u ■ v = for any u G M(A) © F~(p). 

Write u = lim7r(w n ). Fix p > 0. Since 7r(w n ) is a Cauchy sequence we 
can find M such that, for any n > M, it(um — u n ) G W k F p . Suppose that 
deg(xjj,©u s ') < p. Choose n> M big enough so that u n - (yi-t>A©v s * ■ 1) = 0. 
Then u M • (yi ■ © v s * ■ 1) = (u n - (u n - u M )) ■ (yi • © v s< ■ 1) = 0. Hence, 
for any j, s, t, v such that deg(xj„ © u s *) < p, 

«M-(yl^A©v s *-l) = 0. (9.22) 

Using the PBW theorem we can write 

UM = 22 c ),v,t,s,eW € {*i ©U tS ), 
j,u,t,s,e 

with Cj (l>) t )5) e G t/(n'„ © f)o) © C7(g~). Here u> £ occurs only if dimi? = 1 and, 
in such a case, E = Cw and e G {0, 1}. 

We now show by induction on q that c hVt t tS>e w e G W(K — k) for all 
j, v, t, s, e such that ht(u) + s = q and deg(x{, © u ts ) < p. This concludes the 
proof since it implies that ~k{um) G W fc -F p , hence vr(w n ) G W fc -F p for n > M. 

If /it(z/) = s = 0, then 7t(wm) ■ f a © 1 = Uaj • u a © 1 = 0. Hence 
J2 e c i,oxo,eW e ■ v A © 1 = 0. Write explicitly Ci, ,i,o,e = Si^t,™^ ® vt ")Pi,/i,t,n, 
with Pi lAt ,t,n G C/ (F)o)- Since Z7(ttl_) © C7(g _ © AT) acts freely on v \ © 1 (and 
[/ (f)' ) commutes with w e ), we see that Pi )M) t,n(A;Ao + A) = for any i, /i, t, n. 
Since A can be chosen in a dense subset of f) , we see that Pi, M ,t,n(^A + A) = 
for any A, thus K — k divides Pi^n- 

Fix now p Q and s with /it(z/ )+s = q > and such that deg(xJ /o ©u ms °) < 
p. Applying (19.221) we get that 

c jMt w%4 © u ts ) • (y^ • v A © v ms » • 1) = 0. 

ht(i^)+s>g 

Indeed, by the induction hypothesis, in the above sum appear only coefficients 
with ht(u) +s>q. Since xj,y^ • v A = if > /it(v ) and u ts v mso -1 = 
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if s > s , we can write 



c- hu , s , t , e w e (4 ® u ts ) ■ (yl o ■ v A ® v ms " • 1) = 0. 

ht(v)=ht(ya) ,s=so 

Using fICTD . f[9T2Tj) . we get 

7^ ci )t , , m|S0ie w 6 ■ (t) A <8> 1) = 0. 

e 

Arguing as above we deduce that ci^ 0imjSo e G W(lf — k). 
9.4 Proof of Lemma 18.31 

We may assume that a =: T* 1 ^ 1 ) ■ • -T %h (x h ) : with x % G {x,x \ x G 0Q,r G 
R,a G f)5>. Set N(a,r) = cr + deg(a) and f/(a,r) = W k F N M. We will 
prove by induction on h that for each r there is a r G Z7 (a, r) such that 
a r ■ v = a" ■ v. 
If h — 1, we set 

T l '(x) r = (-l)S'! ^ | ^ t r ® x, T 4 (x) r = (-l) l z! ^ + * ~ ^ r~3 ® x. 

(9.23) 

If /i > 1 we can assume that a =: T tl (x 1 )b : with b =: T l2 (x 2 ) ■ ■ -T %h (x h ) :. 
By Wick formula, we have that T h (x l ) {j) b = £ : T h (y l ) ■ --T jv (y v ) : with 
v < h, so, by the induction hypothesis, we can define 

{THx%)b) r = ■ Tn ^) ■ ■■ Tjv (y V ) -r ■ (9-24) 
Choose m G r T i — A r i and set 



+ ^T n (x 1 ) m _ J _ 1 6 r _ m+i+ i +p(x 1 ,6)6 r _ m _ j T n (x 
By (E2D 

ftr^-j-T* 1 ^ 1 )^ G [/(a^TO + j) 
and, by the induction hypothesis, 

^(x^m-j-ibr-m+j+i G C/(fo, T - TO + j + 1), 
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hence the series 

oo 

^ , (^ 1 )m-j-l^r-m+j+l + Pfa 1 , b)b r - m -jT l1 ( y X 1 ) m +j 
3=0 

converges. Therefore the definition of a r makes sense and, by f)3.4p . a r ■ v = 
■ v for any N, v e N. 

To conclude the induction step we need to check that a r € U(a, r). Recall 
that we wrote T n (x l ){j)b = J2 v <h '■ ^^{y 1 ) ■ ■ ■ T^ v {y v ) :, hence we can assume 
that deg(: T J1 (y 1 ) ■ ■ ■ T- 7 " (y v ) :) = deg(a). By the induction hypothesis it 
follows that (T <1 (x 1 )(j)6) r e £/(a,r). 

It follows from (13. ip and Lemma [8. 2[ that 

fr^.A-J = E ( S + Axl ^ H " ^(T^ 1 )^- (9.25) 

j>0 

The induction hypothesis and ( 19. 25ft now imply that 

T^^A-s e tf(a,r), fo^r^x 1 ), G U(a,r) 
for, if deg(6) + c(r — s) < deg(a) + cr, then deg(x x ) + cs > and 

r^A-s = 6 r _ s r <1 (a: 1 ),+p(ar 1 ,6)[T il (ar 1 ) a ,6 f .-] 

and, if deg(x x ) + cs < deg(a) + cr, then 

b r ^T i ^x 1 ) s = T h (x 1 ) s b r ^+p(x 1 ,b)[b r ^,T h (x 1 ) s \. 

This concludes the induction step. 

Finally ( 18. 9ft follows easily by induction on h and the explicit formula for 

a r . 

9.5 Proof of Lemma 18.91 

We may clearly assume that ho = 0. Set for shortness d = do- Note that 
d = Yli=i z i~if- Define h = YHi=i ^W--> anc ^ no ^ e ^ n at both d and h are odd 
derivations. Hence we have that 

Th r\ r\ Th r\ Th r\ 

ij=l °^ UZ 3 i= l UZ * i= l °^ 
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Denote by E = ElLi Zi ~§T ^he Euler operator and take a p-cycle / ® u G R p 
with p > 0; we have (ho + dh)(f ® u) = (E(f) + pf) ® u. Define cp = 

f. 

^2 ' ' ' z ti- Then 99 is holomorphic in any polydisk \zi\ < r$, since 



) ® A^i,-..,^). Then 

E + pi : M ^ M is bijective, and M is preserved by the Koszul operator. 
Moreover 9 commutes with <9/i + hd. Therefore <p <E> u is a cycle if / <g> « is, 
hence 

/ = (E + pl)((p0u) = (hd + dh)(<p ®u) = d(h(y®u)) 
as required. 

9.6 Proof of Lemma 18.101 

We first show that if deg(f) = j p and \I\ = n then 

x{ = x I + u (9.26) 



rl 1 ■ ■ ■ rt 



with ueAp and u + A? +1 G 



n-l 

We will show by induction on \I\ that x T a = x 1 + u with u a series ES P u « 

where U{ = ^2 c j,T,H,Ky J h % x an d c j,t,h,k e Q deg(if +f\") = jj, |if | < n. 
If |J| = the result is obvious. Suppose 1 f | = n > 0. Then 



with |Jq| = n — 1. If deg(io) = jp', applying the induction hypothesis, we 
have 

x[ = x 1 + x h u' + 9(x h )x h + 6(x h )u, 

where u' is a series E^Ly M 't with u' { = J] c ' 1 j,t,h,kV' J h ? x H x h ', deg(H + K) = 
ji, and |if | < n — 1. 

— T 

Let U = x^-u' + ^a; 11 )^ +6 l (x il )n'. Clearly rP 1 ^ = J2^jth kV J ^ % % 
with deg(ff + f\~) = jj + deg(a; n ) > p' + deg(x n ) = j p and, by PBW theorem, 
| if | < n. Since deg(6 l (x Jl )) = deg(x n ), by the explicit expression ( 13. 19ft 
for ^(x 11 ), we see that 6(x 11 ) = ESi ^ where jj = deg(x n ) and 0j = 

E k J,T,KV Jh % K with fc$. T)JC G C, deg(ff) = j t . 

Hence 6(x il )x I ° = J2Zi d ^ 10 and = E k\ TK y J h T x Io x K . More- 

over deg(io + if) = deg(io + i) > deg(io) + deg(x n ) = j p and |io| < n. 
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Finally 6(x h )u' = TZ P > e ( xh ) u i- Note that #(^K = Y,T=i u 'lt wi t h u "t = 
c jth kV 1 ^ 1 x h x k with deg(H + K) = j t and \H\ < n. Since deg((£) ar ) = 
deg(x r ) we have that deg(x£°) = deg(5: /o ), hence deg(it') = deg(Jo)- It follows 
that deg(6(x tl )u' i ) = j p . This implies, by Remark [8.21 that Y^i= P > u u = f° r 
t < p. This concludes the induction step and proves (19.261) . 

We prove the statement of the Lemma by induction on | J|. If | J\ — the 
statement is easily obtained from the previous step. If | J| > then 

fy J a fh T x^x K = y I y^y J a °fh T x^x K + f 6{y^)y J a ° fh" 5;»x K . 
Applying the induction hypothesis we can write 

fy J Jh T x^x K =fy J fh T x H x K + fy n u' + y I 6{y jl )y J ° fh T x H x K + y I e{y' 1 )u' . 
with u' G AP and u' + A p+1 G (Ap/A p+1 ) 

\ J n-2 

Set u = y I; y h u' + y I 9{y jl )y J °fTi x H x K + y^iy^u'. Clearly u G 34^. 

Write u' = E V 1 V' ' fr ,J> \t> ,h> ,K' h T ' x H 'x K ' + u" with deg(if' + K') = j p , 
| J 1 + H'\ < n - 1, and u" G A p+1 . 
By PBW theorem 

y I y^u' + A^ = Y,fv I 'v h V J 'h',J',T',H',K^ T 'x H 'x K ' + A^ 
= ^f'y' 1 " fi",J",T>,w,K^h T ' i H 'x K ' + A^ 

with \J" + H'\ < n. 

—T 

Writing, as above, 0(y^) = Y^ilo@i with 0j = J2kjTKV J h * with 
kjT,K e deg(i^) = ji and using the commutation relations (18.51) and 
(18.61) . we see that 

fO^y^fJ^x 11 ^ + AP+ 1 = fe^fl^x 11 ^ + 34^+1 

hence 

fo^y^fjf^x* + AP+ 1 = J2y r y Jo fi',T'h T 'x H x K + AP+ 1 

and, clearly, | J + H\ < n. 

The same argument shows that 

fOiy^u' + A^=J2 y I 'y J 'fi',r,T',w,K'h T 's: H 'x K ' + A^ 
with | J' + H'\ < n as desired. 
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